THE METRIC ANOMALY OF ANALYTIC TORSION ON 
MANIFOLDS WITH CONICAL SINGULARITIES 

WERNER MULLER AND BORIS VERTMAN 

Abstract. In this paper we study the analytic torsion of an odd-dimensional man- 
ifold with isolated conical singularities. First we show that the analytic torsion is 
invariant under deformations of the metric which are of higher order near the sin- 
gularities. Then we identify the metric anomaly of analytic torsion for a bounded 
generalized cone at its regular boundary in terms of spectral information of the cross- 
section. In view of previous computations of analytic torsion on cones, this leads 
to a detailed geometric identification of the topological and spectral contributions 
to analytic torsion, arising from the conical singularity. The contribution exhibits a 
torsion-like spectral invariant of the cross-section of the cone, which we study under 
scaling of the metric on the cross-section. 
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1. Introduction 

In this paper we study the Ray-Singer analytic torsion of a compact odd-dimensional 
Riemannian manifold with an isolated conical singularity. This means the following. 
We consider an open Riemannian manifold (M, g M ) of odd dimension which admits a 
decomposition 

M = 9/ Ujy X, 

into a compact Riemannian manifold X with boundary N and an open truncated 
generalized cone % over N. Here % = (0, 1] x N, and the metric on takes the 
special form 

g M y := dx 2 © x 2 g N (x), x e (0, 1), 

where g N (x) is a family of metrics on N which is smooth up to 0. Our goal is to study 
the analytic torsion of such manifolds. We mention that the case of an even- dimensional 
cone has been studied by the second named author [VerII] and Hartmann-Spreafico 
[HaSpIO]. This case is simpler than the odd-dimensional case. 

The analytic torsion of a compact Riemannian manifold, equipped with a flat Her- 
mitian vector bundle, was introduced by Ray and Singer [RaSi71] as an analytic coun- 
terpart of the Reidemeister- Franz torsion. The latter is defined combinatorial, whereas 
the analytic torsion is defined as a weighted product of regularized determinants of the 
Laplacian on p-forms with values in the flat bundle. The conjecture of Ray and Singer 
that the two invariants are equal was proved independently by Cheeger [Che79a] and 
Miiller [Mul78]. Luck [Li)c93] and Vishik [Vis95] extended this result to compact 
Riemannian manifolds with boundary under the assumption that the metric is a prod- 
uct near the boundary. Equality still holds up to a term which is given by the Euler 
characteristic of the boundary. If the metric is not a product near the boundary, ad- 
ditional terms, called anomaly, arise in the difference between the analytic and the 
combinatorial torsion (see [DaFaOO] and [BrMa06]). 

A natural problem is to determine whether the equality of analytic torsion and Reide- 
meister torsion for compact Riemannian manifolds has any analogue for manifolds with 
singularities. To begin with one needs to define both invariants for such spaces. On 
the combinatorial site, Dar [Dar87] has defined the intersection R-torsion for pseudo- 
manifolds. Furthermore he has shown that the analytic torsion is well-defined for com- 
pact manifolds with conical singularities. Therefore it makes sense to study the relation 
between analytic torsion and intersection torsion for compact manifolds with conical 
singularities. The present paper is a contribution to this goal. As already mentioned, 
we study the analytic torsion of a manifold with conical singularities. 

First we derive a variational formula which shows that we may assume that the metric 
in a neighborhood of the cone tip is an exact cone metric. Using a splitting formula 
(which we don't prove in this paper) together with [BrMa06], it follows that one can 
replace M by an exact cone C(N), i.e., C(N) = (0, 1] x N, equipped with the metric 
dx 2 + x 2 g N (0), and study the problem for this case. 

In [Ver09a] the second named author has derived a formula which expresses the 
analytic torsion of C(N) in terms of spectral invariants of N. In the present paper 
we will identify some of these terms. More precisely we will show that the analytic 
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torsion of C(N) is the sum of three terms. The first one is a linear combination of Betti 
numbers. The second term equals the metric anomaly of Briining and Ma [BrMa06]. 
The remaining term is a torsion-like spectral invariant of the cross section N. 

The paper is organized as follows. In Section 2 we will summarize the basic facts 
about analytic torsion of manifolds with conical singularities and state the main results. 
In Section 3 we will establish invariance of the analytic torsion under higher order 
deformations of the conical metric, assuming essential self-adjointness of the Gaufi- 
Bonnet operator. The result is a special case of a more general investigation of analytic 
torsion on manifolds with incomplete edge singularities by Mazzeo and the second 
author in [MaVeIO]. Essential self-adjointness of the Gaufi-Bonnet operator is posed 
only within the limits of Section 3 and can always be achieved by appropriate rescaling 
of^(0). 

In Section 4 we discuss the metric anomaly formula for Ray-Singer analytic torsion 
on manifolds with boundary, established by Bruning-Ma in [BrMa06]. Especially we 
prove that the metric anomaly is scaling invariant. 

We proceed in Section 5 with computing analytic torsion of a truncated cone. This 
leads in Section 6 to an explicit identification of the metric anomaly at the regular 
boundary of the cone in terms of the spectral information of the cross-section N. This 
shows that the main contribution of the conical singularity to the analytic torsion is 
given by a torsion-like spectral invariant of the cross section. 

In Section 7 we study the behavior of this invariant under scaling of the metric on 
the base of the cone and compute its value for some examples. 
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It is a pleasure for the second author to acknowledge the helpful discussions with 
Rafe Mazzeo and Jeff Cheeger. Furthermore both authors would like to thank Jochen 
Briining and Xiaonan Ma for explaining important aspects of the metric anomaly for 
analytic torsion on manifolds with boundary, as well as Matthias Lesch. The second 
author would like to express his gratitude to Stanford University where the research 
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2. Preliminaries and statement of main results 

In this section we summarize some facts about the analytic torsion for manifolds with 
conical singularities and we state the main results. 

2.1. Definition and variation of Analytic Torsion. Let (M m ,g M ) be an odd- 
dimensional oriented Riemannian manifold with an isolated conical singularity. Thus 
M = % Uat X, where (X,g\x) is a compact Riemannian manifold with boundary 
dX = N and *W is a truncated generalized cone, which means that % — (0, 1) x iV and 
the metric on ^ is given by 

(2.1) g M y :=dx 2 ®x 2 g N (x), 
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where g N E C°° ([0, 1], Sym 2 (T*iV)) . Actually the assumptions on the the behavior 
of g (x) at x = can be weakened (see [BrLe93, Section 2]). For simplicity we will 
work with the stronger assumption that g N (x) is smooth up to 0. 
Fix a base point xq € M and let 

(2.2) p:7T 1 (M,x )^U(n,C) 

be a unitary representation of the fundamental group tt\ (M, x ). Let (E, V, h E ) be the 
flat Hermitian vector bundle over M, associated to the representation p. Here h E is the 
flat Hermitian metric on E, induced by the standard Hermitian inner product on C™. 
We may assume that xq = (t,yo) € • Then E\<& is the flat bundle associated to the 
composition pN of iiiiffr ,xq) —> tti(M,xq) and p. Note that iii(N,y ) = tti(^,xq). So 
we may regard pN as a representation of iti(N, yo). Let (En, Vat, Hn) be the associated 
flat Hermitian bundle. Then we have 

(2.3) E\<% = p*(Ejy) = (0, 1] x E^, 

where p: (0, 1] x iV — > N is the canonical projection. Moreover the isomorphism (2.3) 
is compatible with the Hermitian metrics and the flat connections. The flat covariant 
derivatives V and are related as follows. For s 6 C°°([0, 1], C°°(E N )) ^ r(£|*) we 
have 

3s 

(2.4) Vs = — <g> cfe + Vtvs. 

Let (fi*(M, £?), d # ) be the associated twisted de Rham complex, where Q*(M, E) denotes 
the space of E- valued differential forms. Denote by Q* (M, E) the subspace of differential 
forms with compact support. Let A& be the corresponding Laplace operator on k- forms. 
We regard d k and A k as unbounded operators in L 2 Q h (M, E) with domain Q^(M, E). 

Consider the maximal extension c4,max of d k in L 2 Q k (M, E) with domain i^((4 imax ). 
The minimal extension rf fe min of d k with domain @(dk, m m) C ^(c?fc,max) is the graph 
closure of dk- Ideal boundary conditions for the de Rham complex (tt*(M, E), d*) is a 
choice of closed extensions Dk of 4 for each k — 0, dimM with 

^(4,min) C ^(D fc ) C ^(4,max), 

which combine into a Hilbert complex in the sense of [BrLe93]. Ideal boundary con- 
ditions for the de Rham complex induce a self-adjoint extension for each A*. The two 
special cases are the relative and absolute boundary conditions 

Afe jre i = d kmin dk t min + 4-l,min4-l,miri! 

v / A _ J* J _i_ J .J* 

^fc,abs — "fcjmax^max ~r Ufc_i jmax U fc _ 1)max . 

We recall from [Che83] and [BrLe93, Theorem 3.8] the following facts. Ideal boundary 
conditions are unique in degrees k (m — l)/2, m — dimM. If we assume the Witt- 
condition H P (N, En) = 0, p = (m — l)/2, then ideal boundary conditions are unique 
also in degree p. 

However, the Witt condition which implies uniqueness of the ideal boundary condi- 
tions, does not imply essential self-adjointness of A k and the Laplacian corresponding 
to the (unique) ideal boundary conditions need not be given by the Frederich's ex- 
tension in degree k = (m ± l)/2. In fact, by [BrLe93, Corollary 3.5] the extensions 
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Afc jre i and Afc )a b s are given by the Friedrich extension in any degree if and only if the 
Gaufi-Bonnet operator is essentially self-adjoit. This can always be achieved by scaling 
g N (0) to c 2 g N (0) with c > sufficiently small. 

Choose either the relative or the absolute self-adjoint extension of A k , which we 
denote again by the same letter for the moment. It is known that A k has pure point 
spectrum [Les97] and by [Les97, Corollary 2.4.3] it follows that for every t > 0, 
exp(— tA k ) is a trace class operator. Moreover we have the following theorem. 

Theorem 2.1. Let (M,g) be a compact odd- dimensional Riemannian manifold of di- 
mension m with a conical singularity. Let (E, V, h E ) be a flat Hermitian vector bundle 
over M and (E^, Vat, h^) the associated bundle over N. If g (x) is not constant in 
x G [0,1], we assume essential self-adjointness of the Gaufl-Bonnet operator. Then 
for the absolute or relative self-adjoint extension A k of the Laplacian on fl^(M,E), 
k — 0, m, we have 

oo oo oo 

(2.6) Tr (e~* A *) ~^o+ ^ A k t j ~^ + ^ Cjt* + ^ Gjt* log t. 

j=0 3=0 j=l 

For g = g N (0) the result is well-known (see [CHE83]). Otherwise, asymptotic ex- 
pansions with Gq = are known only for the Frederich's extension A^ (see [Moo99]) 
and essential self-adjointness of the Gaufi-Bonnet operator is imposed above to guar- 
antee A = A . 

Remark 2.2. In fact it suffices to impose the Witt condition H P (N, En) = 0, p = 
(m — 1)/2 instead of essential self-adjointness of the Gaufi-Bonnet operator for Theorem 
2.1 to hold in case g (x) is not constant in i 6 [0,1]. Under the Witt condition the 
heat kernel of A& is still polyhomogeneous on a certain parabolic blowup of M + x M 2 
(see [Moo99]) and the heat trace expansion follows by the Push- forward theorem. 
We confine ourselves to the case of essentially self-adjoint Gaufi-Bonnet operator for 
simplicity. 

Let Ao < Ai < • • ■ denote the eigenvalues of A*,. It follows from (2.6) that Weyl's law 
holds for the counting function of the eigenvalues. This implies that the zeta function 

C(s;A k ) 

\ 3 >o 

converges in the half-plane Re(s) > m/2 and it can be expressed in terms of the trace 
of the heat operator by 

1 f°° 

(2.7) C(s, A k ) = — t s - 1 Tr(e-* Afe - P k ) dt, Re(s) > m/2, 

r(s) Jo 

where P k denotes the orthogonal projection of L 2 Q h (M,E) onto the subspace 
J^2){M, E) of harmonic fc-forms. Then the asymptotic expansion (2.6) yields the mero- 
morphic extension of the right hand side and hence, of the zeta function, to the whole 
complex plane. Furthermore it also follows from (2.6) that £(s, A k ) is regular at s — 0. 
We can now define the analytic torsion of (M,g M ) and (E,\7,h E ) as in the compact 
case. Let Afc ia bs (resp. A ktTe \) denote the self-adjoint extension of A& with respect 
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to the choice of absolute (resp. relative) boundary conditions. Recall that boundary 
conditions need to be imposed only if k — (m ± l)/2. Then we define 



(2.8) logT abs (M,£;s M ) : = I^(-l)* • k ■ -((s, A fc , abs ) | s=Q , 

k=0 

and define T re i(M, E; g M ) similarly. Since h is the canonical metric on E, in- 
duced by the unitary representation, we suppress it from the notation. Observe that 
*Afc a b s = A m _fc jre i*. Denote the Laplacians on closed or coclosed differential forms by 
an additional subscript cl or ccl, respectively. 

Since the dimension of M is odd, it follows by Poincare duality that 

m—1 , 

T ahs (M,E;g M ) = £( a , A fc , cd , abs ) \ s=Q 

k=0 

m—1 , 

(2-9) =E(- 1 ) fc+1 ^( s ' A ™-^)| s=0 

fc=0 

m—1 , 

= E^ 1 )^ 1 ^ 5 ' A fc)CcZ , re i)| s=0 = T Tel (M,E;g M ). 

k=0 

For the second equality we have used that *A fcjCci abs = A m _ fc)C ; rel *. The third equality 
follows from the fact that for an eigenvalue A ^ 0, d is an isomorphism between the A- 
eigenspace of the Laplacian on co-closed forms, satisfying relative boundary conditions, 
and the A-eigenspace of the Laplacian on closed forms, satisfying relative boundary 
conditions. So we will denote the torsion simply by T(M, E; g M ). 

Remark 2.3. Dar [Dar87] also discusses the analytic torsion of a manifold with conical 
singularities, where the cross section N is allowed to have a non-empty boundary. In this 
case the zeta-functions may have a pole at s = 0. However, due to residue cancellations, 
the analytic torsion is still well-defined. If dN = 0, the case treated in the present paper, 
the zeta-functions are regular at zero individually. 

For a finite-dimensional vector space F, set det F := A max F and denote by (det F)^ 1 
the dual line det F*. Let ffl^iM, E) be the space of square integrable harmonic forms 
J&(2) iMi E) which satisfy absolute boundary conditions. The determinant line of (M, E) 
is defined as 



(2.10) det^ } (M,E) := (g) [det J^ } (M,£ 



(_!)*+! 
k=0 



Definition 2.4. The Ray-Singer metric || • F . m\ on det J4?A (M, E) is defined by 



(2-11) \\-\\™ M) :=T(M,E-g M " 



\(M,E;g M ) UL1 ^^-(2)* 
\(M,E;g M ) : = 1 \ m ) ^ i Q M ) ' II ' 1 1 det Jtffa (M,E) ) 

where || • \\ det ^k (m,e) ls the norm on 

det^ } (M,£) induced by the L 2 -norm on the 

space of harmonic forms J^^{M, E). 
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Using methods developed by Melrose [Mel93], we study the variation of the analytic 
torsion with respect to the variation of the metric g M . Our main result is the invariance 
of analytic torsion of manifolds with isolated conical singularities under higher order 
deformations of the metric near the conical tip, assuming essential self-adjointness of 
the GauB-Bonnet operator. More precisely, we have 

Theorem 2.5. Let (M m ,g M ) be a compact odd- dimensional Riemannian manifold with 
an isolated conical singularity, and a neighborhood ^ = (0,1) x iV of the singularity 
with 

g M \<% = dx 2 © x 2 g N (x), g N G C°° ([0, 1], Sym 2 (T*iV)) . 

Let (E,V,h E ) be aflat Hermitian vector bundle and (E^, Vat, h^) its restriction over 
N . Assume essential self-adjointness of the Gaufl-Bonnet operator. Then the Ray- 
Singer metric || • ||(^ E . g M) is invariant under all deformations of g M that fix g (0). 

2.2. Analytic Torsion of a bounded Cone. It follows from Theorem 2.5 that for 
spaces with isolated conical singularities with appropriately rescaled g N = g (0), so 
that the GauB-Bonnet operator is essentially self-adjoint, we may assume that the 
neighborhood of the singularity is a bounded exact cone C(N), i.e., 

(2.12) C{N) = (0, l]xN, g = dx 2 + x 2 g N , g N e Sjm 2 {T*N). 

Now recall that for a compact manifold there is a splitting formula for the analytic 
torsion [Vis95]. It is very likely that the splitting formula continuous to hold for 
compact manifolds with conical singularities. Assuming this, the study of the analytic 
torsion for such manifolds can be reduced to the study of analytic torsion of a bounded 
cone. In [Ver09a], the second author has derived a formula which expresses the 
analytic torsion of a bounded cone in terms of spectral and topological data of the cross 
section. The computation uses the double-summation method developed by Spreafico 
in [Spr05], [Spr06], and a symmetry observation by Lesch [Les94]. We recall the 
result in odd dimensions. 

Theorem 2.6. (Vertman, [Ver09a]) Let (C(N),g) be a bounded cone over a closed 
even-dimensional oriented Riemannian manifold (N n ,g N ). Let (E,V,h E ) be a flat 
Hermitian vector bundle over C(N)and (E N ,\7 N , h N ) the associated flat Hermitian 
vector bundle over N . Let b k = dim H k (N, E^), k = 0, . . . ,n, and x{N,E^) the Euler 
characteristic of (N,En). Denote by A k , c d,N the Laplacian on coclosed Ex-valued k- 
forms on N and define 

(n — 1) / 

a k := — k, u(rj) = yj t] + a 2 k , for 77 <G E k = SpecA feiCdiJV \{0}, 

(k,N(s) = ^ m (v) Z/ ( 7 ?)~ S > (k,N(s, ±a k ) := ^ m (^) ( u (v) ± a k)~ s , Re(s) > 0, 

T]<=E k T]£E k 

where 121(77) denotes the multiplicity of rj e E k . Then the logarithm of the analytic 
torsion of C (N) is given by a sum of three terms: 

logT(C7(iV), E; g) = Top(N, E N ; g N ) + Tors(iV, E N ; g N ) + Res(iV, E N ; g N ), 
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where the first term is a combination of Betti numbers 



Top(N,E N ;g N ) J^ X (N,E 



N) 



2 - fc -! 



(2.13) f-i / 

- log(n - 2fc + 1) + lo §^ 

k=0 \ 1=0 

The second term, which is a torsion-like term, is given by 



1 n— 1 

(2.14) Tors(N,E N ;g N ) -)]i-l!\;, v i(l.n 



2 

k=0 



The third term, the residual term, is a combination of residues of(k,N{s): 

n/2 ~ 1 (—D k n/2 2r V'(h 4- 1 

(2.15) Res(N,E N ;g N ) = £ £h«Cv*00 E^W^T&TT)' 

k=0 r=l 6=0 ^ ' 

where the coefficients A r j,{otk) are determined by certain recursive formulas, associated 
to combinations of special functions. 

Remark 2.7. The computations in [Ver09a] are only done in the case of the trivial 
bundle E. However, using (2.3), everything in [Ver09a] can be extended to the twisted 
case without difficulties. 

Our next result identifies Res(iV, E^; g N ) with the metric anomaly of the boundary 
{1} x N of (C(N),g). The metric anomaly has been studied in [BrMa06]. We recall 
the basic facts. Let (X, g x ) be an oriented compact Riemannian manifold of odd 
dimensions, with boundary OX. Let (E, V E , h E ) be flat Hermitian vector bundle over 
X. Let V TX be the Levi-Civita connection associated to g x . Briining and Ma define a 
secondary class B(V TX ) e VL*(dX,E\ dx ) (see [BrMa06, (1.19)]) which describes the 
metric anomaly in the following sense. Let gf, i — 1,2, be two Riemannian metrics on X 
and let Vf x denote the corresponding Levi-Civita connections. Denote by || • ||pf B . fl X), 
2 = 1,2 the Ray-Singer metrics on det H*(X, E). Then 



(2.16) 




I RS 

\(x,E;gX) \ _ rank(E) 



2 

Now we can state our next result. 



\RS 



dX JdX 



Theorem 2.8. Let (C(N),g) be the cone over a closed oriented Riemannian manifold 
(N n ,g N ) of even dimension. Let (E,V,h E ) be a flat Hermitian vector bundle over 
C(N) and (E N , Vat, h N ) the associated flat vector bundle over N. Let be the 

Levi-Civita connection of g. Then the residual term of Theorem 2.6 equals 

Res(N,E N ;g x ) = - r -^l [ 5(V^), 

where N is identified with {1} x N. 
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We note that De Melo, Hartmann and Spreafico [HaSpIO] and [dMHS09] computed 
the analytic torsion in the special case of a cone over the sphere S n and verified that in 
even dimensions the residual term Res(iV, En', g N ) equals the anomaly term by direct 
comparison. 

Remark 2.9. Consider the example of a cone over the n-dimensional flat torus T n 
and assume that E is the trivial line bundle. Then from (2.15) one finds that the 
integral of B(y TC( - T " ] ) is given in terms of residues of the shifted zeta function (k,N(s)- 



These are rational multiples of (vr)- n / 2 Vol(T n ). This agrees with the explicit formula 
in [BrMa06, (4.43)]. 



Remark 2.10. In general, the metric anomaly in [BrMa06] is expressed in terms of the 
curvature tensor, whereas our result provides an expression in terms of residues of the 
shifted zeta function Cfc,iv( s )- The residues can be computed in terms of the coefficients 
of the asymptotic expansion of the trace of the heat operator of the Laplacian of N 
on forms. It is well-known that these coefficients are given by the integral of universal 
polynomials in the covariant derivatives of the curvature tensor. 

An immediate corollary is the identification of the Ray-Singer metric for a bounded 
generalized cone with exact cone metric near the singularity and product metric near 
the regular boundary. 

Corollary 2.11. Let (C(N),g) be a cone over a closed oriented Riemannian manifold 
(N n , g N ) of even dimension. Let (E, V, h E ) be a flat complex Hermitian vector bundle 
overC(N) and let (E n ,Vn,}in) be the associated flat vector bundle over N . Let g be 
a metric on C(N) which coincides with dx 2 + x 2 g N near the singularity at x = and 
with the product metric dx 2 © g N near the boundary {1} x N. Then 



where Top(iV, En] g ) and Tors(A r , En] g N ) are given by (2.13) and (2.14), respectively. 

Corollary 2.11 shows that the main contribution of the conical singularity to the 
analytic torsion is given by Tors(iV, En; g ). This result will be of significance in 
regard of the splitting formula. 

Next we study its asymptotic behavior under scaling of the metric of N. 



Proposition 2.12. Let (N, g N ) be a closed oriented Riemannian manifold and let g^ := 
lT 2 g N , \i > 0. Then 



3. Variation of Analytic Torsion under Higher Order Deformations 

In this section we recall some facts about the asymptotic properties of the heat kernel 
on a manifold with conical singularities. Then we will show that the Ray-Singer metric 
is invariant under higher order deformations of the metric near the tip of the cone. 



log 




(2.17) 
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Let (M, g M ) be an odd- dimensional compact Riemannian manifold with an isolated 
conical singularity with M = % Ujv X and metric on % given by (2.1). Let (E, V, h ) 
be a flat Hermitian vector bundle over M and let (En, Vjv, h^) be the flat Hermitian 
vector bundle over N associated to E via (2.3). 

Let (VL*{%, E), d*) be the twisted de Rham complex over <fy . In this section we 
assume essential self-adjointness of the GauB-Bonnet operator, so that the Laplacian 
Afc defined with respect to relative or absolute boundary conditions coincides with the 
Frederich's extension Af in all degrees k — 0, . . . , m. Essential self-adjointness of the 
GauB-Bonnet operator can always be achieved by scaling g N (0) to c 2 g N (0) with c > 
sufficiently small, see [BrLe93]. 

Remark 3.1. The variational result of this section holds in fact for any self-adjoint 
extension of the Laplacian satisfying Theorem 3.4, which does hold for the Frederich's 
extension A # . However it suffices to impose the Witt condition H P (N, E^) = 0, 
p — (m — l)/2 instead of essential self-adjointness of the GauB-Bonnet operator for 
Theorem 3.4 to hold for the relative and absolute self-adjoint extension. We confine 
ourselves here to the case of essentially self-adjoint GauB-Bonnet operator for simplicity. 

We use the unitary rescaling transformation over introduced in [BrSe88, (5.2)] 



where 4>k,4>k-i are identified with their pullback to under the projection n : % = 
(0, 1) x N — y N onto the second factor, and x G (0, 1) is the radial coordinate. 

Proposition 3.2. [BrSe88, (5.4)] The rescaling map extends to a unitary trans- 
formation 



L 2 ((0, 1), L 2 (n k -\N, E N ) © n k (N, E N ),g N (x), h N )) L 2 (fi fc (^, E),g M y, h E \®). 



Throughout this paper we will use the unitary transformation (3.1) and denote the 
heat operator under the unitary transformation again by e~ tAk . By a small abuse of 
notation we denote the heat operator and the corresponding heat kernel both by e _<Afc . 

3.1. The Heat Kernel on Manifolds with Conical Singularities. In order to 
describe the asymptotic properties of the heat kernel e _<Afc accurately, we consider M 
as the interior of a compact manifold M with boundary. 

The heat kernel of e~ tAk is a priori a fc-form valued distribution on a manifold with 
corners Ml = R + x M . Its singular structure can be conveniently described by lifting 
e~* Afc to the heat space which is a resolution of M\ obtained by blowing up certain 
submanifolds of its boundary, see ([Moo99]). We begin by a blowup of 



where the M + — direction is scaled parabolically, according to the parabolic homogeneity 
of the problem. The resulting space [M%, A] is defined as the union of (M%\A) with the 
interior spherical normal bundle of A in M\ . The blowup [M% , A] is endowed with the 
unique minimal differential structure, including \rt, smooth functions in the interior of 
M\ and polar coordinates around A. The blowup introduces an additional boundary 



(3.1) 



# fc : c c °°((o, 1), n k ~\N, E N ) © n k (N, E N )) Q k c (W,E) 
{<f>h-i, <t>k) >-> z*- 1 "^*-! A dx + x fc ""/ 2 fc , 



(3.2) 



A = {t = 0} x {dMf c Ml, 
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hypersurface, which we refer to as the front face ff. We refer to [Mel93] for a careful 
definition and general discussion of parabolic blowups. 

The actual heat-space ^ffi is obtained by blowing up [M 2 , A] at the lift of the diagonal 

in M at t = 0, again parabolically in the time M + — direction. This blowup introduces a 
boundary hypersurface, which we refer to as the temporal diagonal td. The heat space 
comes with a canonical blowdown map /3 : jM'^ — > M\ and may be visualized as follows. 




Figure 1. Heat-space Blowup 

We fix coordinate chart (x, z) in the singular neighborhood % C M. Two copies of 
this chart together with the time coordinate yield a coordinate system it, x, z, x, z) on 
M%. The projective coordinates on ^j 2 are then given as follows. Near the top corner 
of the front face ff, the projective coordinates are given by 

(3.3) p = y/t, £ = x/p, f = x/p, z, z, 

where in these coordinates p, £, £ are the defining functions of the boundary faces ff, If 
and rf respectively. For the right hand side bottom corner of the front face projective 
coordinates are given by 

(3.4) r = t/x 2 , s = x/x, z, x, z, 

where in these coordinates the defining functions of tf, rf and ff respectively. 

For the left hand side bottom corner of the front face projective coordinates are obtained 
by interchanging the roles of x and x. Projective coordinates on ^ 2 near temporal 
diagonal are given by 

y/t (X - X) 7 X(z - z) „ „ 

(3.5) r) = — , S = y=—, Z = — , x, z. 

X y/t y/t 

In these coordinates tf is the face in the limit \(S, Z)\ — > oo, ff and td are defined by 
x, T), respectively. The blow-down map : — > M 2 is in local coordinates simply the 
coordinate change back to (t, (x, z), (x, T)). The heat kernel lifts to a polyhomogeneous 
conormal distribution on with product type expansions at the corners of the heat 
space, and with coefficients depending smoothly on the tangential variables. More 
precisely we have the following definition. 

Definition 3.3. Let QU be a manifold with corners, with all boundary faces embed- 
ded, and {(Hi, Pi)}fLi an enumeration of its boundaries and the corresponding defining 
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functions. For any multi-index b = (b%, . . . , b N ) G we write p b = p^ . . . p^ ■ Denote 
by Vb(QU) the space of smooth vector fields on 2U which lie tangent to all boundary 
faces. A distribution u on 2U is said to be conormal, if w G p b L°°(W) for some b G 
and V 1 ...V e u G p b L°°(2n) for all Vj G V fe (2U) and for every t > 0. An index set 
Ei = {(7,p)} C C x N satisfies the following hypotheses: 

(i) Re (7) accumulates only at plus infinity, 

(ii) For each 7 there is P 7 G N , such that (j,p) G Ei for p < P 7 < 00, 

(iii) If (j,p) G Ei, then (7 + j,p') G E { for all j G N and < p' < p. 

An index family E = {E\, . . . , E^) is an A-tuple of index sets. Finally, we say that a 
conormal distribution w is polyhomogeneous on 2U with index family E (denoted by 
co G «K^f g (2n)), if w is conormal and if in addition, near each Hi, 

w ~ a 7:P/ ? i'( lo SPi) P ) as pi -)■ 0, 

with coefficients a 7 p conormal on Hi, polyhomogeneous with index Ej at any Hi D 

The asymptotic properties of the lift f3*e~ tAk of the heat kernel to in an open 
neighborhood of the front face have been described by Mooers in [Moo99]. 

Theorem 3.4. ([Moo99]) The lift (3*e~ tAk is polyhomogeneous conormal distribution 
on ^£ of leading order (—1) at the front face ff, leading order (— dimM) at the temporal 
diagonal td, and of leading order 1/2 at the left and right boundary faces. (3*e~ tAk 
vanishes to infinite order at the temporal face tf and does not admit logarithmic terms 
in its asymptotic expansion at ff and td. 

The asymptotic properties of the heat kernel e~ tAk has been discussed by various 
authors, with major contributions by Briining-Seeley in [BrSe85], Lesch [Les97] and 
Mooers [Moo99]. The heat calculus on manifolds with edges by Mazzeo-Vertman 
[MaVeIO] contains the setup of isolated conical singularities as a special case. 

3.2. Analytic Torsion under Metric Variation at the Cone Tip. We now study 
analytic torsion of (M, g M ) under higher order deformations of the Riemannian metric 
g M . Let C R be an open interval and let (gff, p G jf) be a smooth family of 
Riemannian metrics on M with 

(3.6) gff \W = dx 2 © x 2 g N {x, p), g N G C°° ([0, 1] x J, Sym 2 (T*A)) . 

The dependence of A k on the parameter is denoted by A k (p). For p ^ p the cor- 
responding operators A k (p), A k (p ) act on different Hilbert spaces L 2 fl k (M, gff) and 
L 2 Q k (M, gif ), respectively. We fix some po G J" and employ the natural isometry 

T,:L 2 n k (M,gp->L 2 n k (M,gM), 

to define self-adjoint operators in the fixed Hilbert space L 2 Q k (M, g^) 

HM := T M o A k (p) o T~ x . 
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As a simple consequence of the semi- group property we have for any /x G 

e -tH k (ji) _ e -tH k (po) rt q / e -(t-s)H k (na) e -sH k (ji)* 

Jo ds \ fJL-fio 



ds 



-u^ s )H k („ ) ( H k (iM)) - H k (n) \ o _ sHk 



[M - fiQ 



M di 



Taking the limit fi — > /x this leads to 



d_ 

djj, 



Tr ( e -^W) 



y Tr(e-(<- s ^°) (ij fc M)e- 



sH k {p, Q ) 



-Mi %o) e 



-tH k (jMi) 



where the upper-dot denotes the derivative with respect to /x. Evaluating Hk(n) explic- 
itly in terms of the isometry T M , we find 

d 



(3.7) 



- t ■ Tr (t M0 o A fc (/i ) o e - iA ^^) o T^ 1 

-t-Tr(A fe ( / io)oT tt) 1 T Ato ° e " tAfc(W,) 
-t-Tr(A fc (/i )oe-* A ^ 



For the second summand in (3.7) we employ commutativity of bounded operators under 
the trace and find 



Tr (A fe (>o) o T M0 % o e 



*A fc ( w ) 
*A fc ( M0 ) 



Tr (e^-^AfcOio) o o e -*/2A fc (Mo)^ 



-tA fc (Aio) 



Consequently the first and the second summands in (3.7) cancel and we get 
d 



(3.8) 



Tr ( e - tA ^) 



t ■ Tr A fc (/i ) oe 



-tAfe(Aio) 



Let Pfc(/i),/i G denote the orthogonal projection onto the kernel of Afc(/x). Let *^ 
denote the Hodge-star operator associated to gjf , and put := *r 1 * ft , with the 

upper-index k denoting the restriction to forms of degree k. Repeating the arguments 
of Ray-Singer in [RaSi71, p. 152-153] we get 

dim M 



(3.9) 



Put 



d_ 

djj, 



J2(-l) k -k-Tr(e- tA ^ -PM) 







k=0 
dim M 



k=0 



dim M 



/(/., S ) := - V (-l) fc • k ■ / t^Tr {e- tA ^ - P,(//)) dt. 
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Then by definition we have 



(3.10) \ogT(M,E,gf)= — 

Since the heat trace is exponentially decaying, we can differentiate /(//, s) with re- 
spect to // G I in the half-plane Re(s) 3> 0, by differentiating under the integral sign. 
Choosing Re(s) large enough so that boundary terms vanish and using (3.9) we get 

a i dimM 1 , 

(3.11) 



fc=0 
dim M 



1 " ' 1 Z" 00 

/ !._n 1 I s - 1 JO 



k=0 

Let us henceforth assume that the metric family gff differs only in its higher order 
terms on the singular neighborhood % . More precisely, assume that for all \i G J" 

(3.12) ^(0,/i)=y». 

Under the transformation (3.1), a k \^ G C°° ([0, 1], End (Q k -\N, E N ) © Q k (N, E N ))) 
for any p G J^, and by (3.12), it follows that 

a k (x) = 0(x), x ->■ 0. 

Let 7r : R + x M 2 — > M be the projection onto a copy of M. Then, employing the 
projective coordinates on the heat space the lift (tt o (3)*a k is a polyhomogeneous 
function on with 

(3.13) (7ro/3)* a J = p ffPrf .^ 

where and p r f are boundary defining functions of the front and the right boundary 
face, respectively; SB is a polyhomogeneous bounded function on If we compose 
(it o /3)*a^ pointwise with 0*e~ iAk W and use Theorem 3.4, we obtain the following 
lemma. 

Lemma 3.5. The lift /3* (a k e- tAk ^) is a polyhomogeneous conormal distribution on 
of zero leading order at the front face ff, leading order (— dimM) at the temporal 
diagonal td, and of leading order 1/2 and 3/2 at the left and right boundary faces, 
respectively. (3* (a k e~ tAk ^'} vanishes to infinite order at the temporal face tf and does 
not admit logarithmic terms in its asymptotic expansion at ff and td. 

For any fixed t > 

(3.14) aJe"* AfcM G A k T*M M A k T*M = (A k T*M)* M A k T*M. 

The right hand side of (3.14) admits on the diagonal an invariantly defined pointwise 
trace tr, and tr (a k e~ defines a polyhomogeneous conormal distribution on the lift 

@ of the diagonal in M to the heat space M^. The lifted diagonal ^ is a resolution of 
M + x M, obtained by blowing up {0} x DM, with the R + — direction scaled parabolically; 
3 may be visualized as in Figure 3.2. 
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By a small abuse of notation, we refer to the boundary faces of the lifted diagonal 
*3l C again as temporal diagonal td, front face ff and left face If, respectively. The 
projective coordinates (3.3) and (3.5) on yield projective coordinates on Near 
the top corner of *2> the projective coordinates are given by 

(3.15) p = y/i, £ = x/p, z, 

where in these coordinates p and £ are the defining functions of the front and the left 
boundary face, respectively. Near the lower corner of the projective coordinates are 
given by 

(3.16) rj = y/i/x, x, z, 

where in these coordinates x and rj are the defining functions of the front and the 
temporal diagonal boundary face, respectively. 3 comes with a canonical blowdown 
map (3$ : Qi — > M + x M, which in local coordinates is simply the coordinate change 
back to (t, x, z). 

The identification of the exterior bundle A k T*M with its dual (A fc T*M)* via g M in 
fact does not induce any shift in the polyhomogeneous expansion of a^e~ tAk ^\ since 
we consider the setup after unitary transformation in Proposition 3.2 to a product 
L 2 -space. By Lemma 3.5 we arrive at the following 

Proposition 3.6. The lift /3%ti (a£e-' Afc(/i) ) is a polyhomogeneous conormal distribu- 
tion on $> of zero leading order at the front face ff, leading order (— dimM) at the 
temporal diagonal td, and of leading order 2 at the left boundary face If. Moreover the 
asymptotic expansion at ff does not admit logarithmic terms and the expansion at td 
(p t d denotes the defining function of td) is of the form 

(3.17) fttr (oJe-^W) ~ P ; d dimM ( a 2k p 2 A , as p td 0. 

\fe=Q / 

Proof. The polyhomogeneity and the leading orders in the asymptotic expansions of 
/3Jtr (a^e~' Afc( - M - ) ) at the boundary faces of @ follow by Lemma 3.5. Moreover, at the 
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temporal diagonal Lemma 3.5 implies 

(3.18) fctr (a*e- tA ^) ~ p^ M ( £ a k p k td ) , as p td 0. 

\k=0 / 

We have the following classical pointwise trace expansion on Riemannian manifolds 

oo 

(3.19) tr (aJe-* Afc W) ~ (Vt) _dimM ^ a 2k {Vi) 2k , as t ->• 0. 

fc=0 

Employing the projective coordinates (3.15) and (3.16) we find = p\p\ A - Hence, 
lifting (3.19) to 9, we deduce for (3.18) that a k = for k odd. □ 

Suppose p, is a density on f^, which is smooth up to all boundary faces and nowhere 
vanishing. A smooth 6-density pb is by definition any density of the form (psPuPtd) 1 ^- 
Let Tig '■ M + x M — > R + is the projection onto the first factor. We can push forward 
densities in a natural way and a straightforward computation in local coordinates shows 

(3.20) (n 9 o ( x • tr (aje-*^))) = Tr (aJ e - tA ^) f(t)j, 

where / is some smooth function on R + U {0}. We derive the short-time asymptotics 
of Tr (a k e~ tAk ^) employing the Push-forward theorem of Melrose [Mel92]. We also 
refer to [Mel92] for the exact definition of b-fibrations and b-densities. 

Theorem 3.7. (Melrose, [Mel92]) Let 2Ui,2U2 be manifolds with corners, and let 
{(Hi, Pi)}i£i and {(Kj,5j)}j e j be the respective indexing of the boundaries and the cor- 
responding defining functions. Let f : 2Ui — > 2U 2 be a b-fibration with 

(3.21) r5j = h.\[p) 



3 

iei 



where h G C°°(20i) is strictly positive and the exponents e(j,i) G No are such that for 
any j G J there is at most one i G I with e(j,i) ^ 0. If u G =g^ g (2Ui) for an index 

set E = (Ei) i( zj such that f*uj exists, then f*uj G (^2) > with the index family 

f*E = (f*E)j£j, where the index sets (f*E)j = {(j,p)} G C x No are comprised of all 
pairs (j,p) such that 

(i) (l,p) = (s/e(j,i),l), for (s,l) G £< with e(j,i) ^ 0, 

(ii) ( 7 ,p) = (s/e(j,i),l + l' + 1), for{s,l) G Ei and [s',l') G E v 
with e(j,i),e(j,i') ^ and s/e(j,i) = s'/e(j,i'). 

In the projective coordinates (3.15) and (3.16) we directly verify that the b-fibration 
(ir® o fa) satisfies o (3$)*t = p%pl d - Hence, by Push-forward Theorem 3.7 we infer 
from (3.20) and Proposition 3.6 

00 00 00 

(3.22) Tr (a k e~ tAkM ) ~ ^ A ^ + C ^ + Yl G ^ logt ' as t ^ °' 

3=0 j=l 3=1 

Consequently 

POD 

(3.23) Res / t s ^Tr (a* (e~ tA ^ - P fc (//))) dt = -Tr(a*P k (p)). 
s - u Jo 
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In view of the additional s-factor in (3.11), we find by (3.10) 

, 1 dim M 

- log T(M,E,g?) = -J2 (" 1 )' £Tr K P M) 
(3.24) ^ k=o 



-r-log 



i-i 



„M • 



We have proved the following main result (Theorem 2.5) of this section. 

Theorem 3.8. Let (M, gff), fi E ^ be a compact odd- dimensional Riemannian man- 
ifold with an isolated conical singularity and a singular neighborhood % = (0, 1) x N, 
endowed with a family of conical metrics, parametrized over an open J" C JR., such that 

(3.25) gff \ <% = dx 2 © x 2 g N (x, fi), g N E C°° ([0, 1] x S, Sym 2 (T*iV)) . 

Let (E,W,h E ) be a flat Hermitian vector bundle over M and let (£jv, V n, fojv) ^ e ^ e 
/Za£ vector bundle over N, which is associated to E\<&. Assume that the Gaufl-Bonnet 
operator is essential self-adjoint. Then the Ray-Singer norm \\ ■ Wf^ E . g M^ is independent 
of fi, i.e. 

4. Scaling Invariance of the Metric Anomaly for Analytic Torsion 

To begin with we need to introduce some notation. Let sf , 38 be two Z 2 -graded 
algebras with identity and let srf®33 denote their Z 2 -graded tensor product. Identify 
srf with st%I and let := I®93. Write A := ® so that srf%98 = srf A 98. 

Let (X, g x ) be a compact oriented Riemannian manifold of odd dimension m with 
boundary dX. In [BrMa06, (1.15)] elements 

(4.1) R T9X e AT*dX ®AT*dX and S e AT*dX^AT*dX 

have been introduced. They are defined as follows. Let R T9X be the curvature tensor 
of (dX,g 9x ) and denote by {ek}™ =1 a local orthonormal frame field on (TX, g 9x ). We 
assume that near the boundary e m is the inward-pointing unit normal vector at every 
boundary point. Let {e^}]^ be the dual orthonormal frame field of T*X and let e* k be 

the canonical identification with an element of AT*X. Let j : Y X be the canonical 
embedding. Then 

(4.2) & BX '=\ E (e k ,R TdX e,KAe* and S := \fV TX ^. 

l<fc,j'<m— 1 

R T9X is defined in terms of the curvature of the Levi-Civita connection, induced by 
g 9x . S measures the deviation from a metric product structure near the boundary. 
R T9X and S 2 are both homogeneous of degree two. Let 

f B 9X 

(4.3) / : AT*dX®AT*dX AT*dX, 
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be the Berezin integral (see ([BrMa06, Section 1.1]). It is non-trivial only on elements 
which are homogeneous of degree m. Then the secondary class B(V TX ), introduced in 
[BrMa06, (1.17)] is defined as follows 

/B dx / i \ 00 ( q2\k 

By([BRMA06, Theorem 0.1] the metric anomaly of analytic torsion is expressed in 
terms of B{V TX ). For our purpose we will need that B(V TX ) is scaling invariant. This 
is verified in the next proposition. 

Proposition 4.1. Let g x be a Riemannian metrics on a compact manifold (X,dX) 
with boundary. Let s > and put g x = s ■ g x . Let Vf x , Vj x denote the corresponding 
Levi-Civita connections. Then 

(4.5) B(VD = B{V T 2 X ). 

Proof. Denote by (Rf dx and Si the elements (4.2) with respect to the metric gf x , 
i = l,2. It follows from (4.2) that 

(4.6) R 9T (g x ) = sR 9T (g x ), S(g x ) = ^SS(g x ). 



The Berezin integral also depends on the metric. We denote it by J. 9X , j = 1, 2. Using 
the definition of the Berezin integral [BrMa06, (1.1)] we obtain 

(4.7) / = s ~ dimdx / 2 



Since R T9X and S 2 are both of degree two and the Berezin integral is non-trivial only 
on terms homogeneous of degree dim<9X, it follows from (4.6) that 



rB 9X /I \ 00 I C2\k 



B d x /i \ 00 ( q2\k 

exp(~R™ x )Y } -a 



-dimdX/2 



exp 



1 r>Tdx\ ST^ ( ^l) fc _ U(V7TX\ 

-2 R ' J^4fcF(ITT)- B(v ' » 



□ 



In the special case of a cone with a flat cross-section iV the scaling invariance of the 
metric anomaly follows also from [BrMa06, (4.43)]. 

5. Analytic Torsion of the Truncated Cone 

5.1. Decomposition of the de Rham Complex of the Truncated Cone. The 

Analytic torsion of an exact cone can be evaluated by decomposing the de Rham com- 
plex into short subcomplexes. This decomposition has been used in the computation 
of analytic torsion of cones in [Ver09a]. The same decomposition and its symmetry 
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are in fact also valid for truncated cones. Let I be either the open interval (0, 1) or the 
closed interval [e, 1], e > 0. Let (N n ,g N ) be an even- dimensional closed Riemannian 
manifold and let Cj(N) :— I x N, equipped with the metric 

g = dx 2 © x 2 g N ,x G I. 



Let (E, V, h ) be a flat complex Hermitian vector bundle over Ci(N) and (En, Vat, h 
its restriction to the cross-section N. Let (ft*(Ci(N), E), d#) be the associated twisted 
de Rham complex, where Q*(Ci(N), E) are the E- valued differential forms on Ci(N) 
with compact support and d* denotes the differential. As in Section 3 we consider the 
map given by separation of variables 

(5.1) ^ fc : C™(I,tt k -\N,E N ) ®tt k (N,E N )) -+ Q k (Cj(N),E) 

(w fc _i, u k ) )—> x fc_1 ~ n/2 o;fc„i A dx + x k ~ n/2 uj k , 

where u^, Uk-i are identified with their pullback to Cj(N) under the projection n : 
I x iV — > N onto the second factor, and x G / C M + . As in Proposition 3.2, the map 
extends to an isometry 

* fc : L 2 (I, L 2 (n k -\N, E N ) © n k (N, E N ),g N , h N ), dx) -» L 2 ({l k (Cj(N), E),g, h E ). 
Let 

c fc := (-l) fc (k - D , k = 0,...,m. 
As in [BrSe88, (5.5)] we obtain 

( °' 2) -f MW^-w 

4 * fc+1 " I (~i) k+l d x o) + x{ c k d* kiN 

where dk,N is the exterior differential on Q k (N, En)- Following a suggestion of M. 
Lesch, we decompose the de Rham complex (fl*(C/(iV), E),d*) into a direct sum of 
subcomplexes of two types. The first type of the subcomplexes is given as follows. 
Let ijj G Q k (N, En) be a coclosed eigenform of the Laplacian A^n on Q k (N, En) with 
eigenvalue r\ > 0. We consider the following four associated pairs 



(5.3) f 

43 



(0, V) G fl*" 1 ^, Ejv) © fi fc (A^, Ejv), 
(V>, 0) G Q k (N, E N ) © fi fe+1 (A^, 
(0, d^/y/rj) G fi fc (AT, Etv) © n k+1 (N, E> 



6 := (d^/y/rj, 0) G fi fc+1 (iV, E N ) © fi fc+2 (iV, 

Denote by (6,6,6,6) the span of 6, . . . ,6- Then C™(I, (6,6,6,6)) is invariant 
under d, d* and we obtain a subcomplex 

(5.4) -> 0^(1, (6)) ^> CT(J, (6,6)) ^ CT(J, (6)) o, 

where do, d\ take the following form with respect to the chosen basis: 

Cfe+l\ 



d 
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The associated Laplacians are of the following form 



(5.5) 



d^d 



-d 2 + — 

x x 2 



rj+ [k + 



did\ =: Ai,,,. 



with respect to the identification of = / • & G C%°(I, (£*)), i = 1, ... ,4, with its 
scalar part / G C£°(I). The subcomplexes (5.4) always come in pairs on oriented 
cones. The twin subcomplex is constructed by considering (ft := * N tp G Q n ~ k (N, E N ). 
Then d N ^>/y/rj is again a coclosed eigenform of the Laplacian on Q n ~ k ~ 1 (N, E^) with 
eigenvalue rj, and we put 



(5.6) 



6 := (o,d^/ v^) e n n -"- 2 (N,E N ) ®Q™(N,E N ) 
6 := e ar-^WEtf) ®n n - k (N,E N ), 

£ 3 := (0, 0) G JT-*- 1 ^, Sat) © ft n " fe (iV, 

& := (0,0) G W- k (N,E N )®n n - k+1 (N,E N ). 



Denote by £ 2) £3, £4) the vector space, spanned by these vectors. C^°(I, (£1, £ 2 , £3? £4)) 
is invariant under the action of d, d* and we obtain a subcomplex 

(5.7) CT(/, (5» ^ C?{I, (£~ 2 , £~ 3 » ^ C^(J, (£4)) 0. 

Computing explicitly the action of the exterior derivative (5.2) on the basis elements £j 
we find 



do 



x \fr] 

As before we compute the corresponding Laplacians and find 



(5.* 



A 0> „ = A 1)V = + - 



.2^ 



1 . 1 nV 1 



A ,„ = Ax, 



'/• 



where the operators are again identified with their scalar actions. 

The second type of the subcomplexes comes from the harmonic forms H k (N, En) 
on N. Fix an orthonormal basis {u{\ of 7i k (N, En) and observe that any subspace 
C%°(I, (0 © Ui, Ui © 0)) is invariant under d, d* . Consequently we obtain a subcomplex 
of the de Rham complex 



(5.9) 



cr(i, (o ©<)) C C °°(I, (< © 0)) -> 0, 
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where the action of d k is identified with its scalar action, as before. The Laplacians of 
the complex are given by 



2 




(5.10) 



x 



5.2. The Relative Ideal Boundary Conditions. By (2.9) the analytic torsion with 
respect to absolute or relative boundary conditions coincide. We will work with relative 
boundary conditions. 

Let 4, max denote the maximal extension of 4 in L 2 (fl*(Cj(N), E), g, h E ). Further- 
more, let 4, mm denote the graph closure of 4 in L 2 (Q*(Ci(N),E),g,h E ). Then we 
have ^(dfe.min) C i^(4,max), where both spaces are the Hilbert spaces equipped with 
the graph-norm. Despite the fact that the differential dk is not elliptic, there is still a 
well-defined trace on its maximal domain by the trace theorem of Paquet [Paq82]. 

Theorem 5.1. [Paq82, Theorem 1.9] Let (X,g x ) be a compact oriented Riemann- 
ian manifold with isolated conical singularities and with smooth boundary dX . Let 
l : dX ^ X be the natural inclusion. Let (E, V, h E ) be a flat complex Hermitian vector 
bundle over X and {Eg X ,'Vsx,hg X ) its restriction to the boundary. Then the pull- 
back i* : tt k (X,E) -> tt k (dX,E 9x ) with tt k (dX,E dx ) = {0} for k = dimX, extends 
continuously to a linear surjective map 

(5.11) t* : ^(4,max) -> #- 1/2 (4,dx), 

where d k<dx is the differential on tt k (dX,E 9x ), £r 1/2 (ft fe (dX, E dx )) the (-1/2) -th 
Sobolev space on dX and 

H~ 1/2 {d Kdx ) := {to E H-V 2 {n k {dX,E dx )) \ d k , dx u E H~^ 2 (Q k+1 (dX, E dx ))}, 

is a Hilbert space with respect to the graph-norm. 

Remark 5.2. The trace theorem [Paq82, Theorem 1.9] is stated for the untwisted case 
on compact (non-singular) Riemannian manifolds. Extension to flat Hermitian vector 
bundles is straightforward. Moreover, the analysis localizes to an open neighborhood of 
the boundary dX, so the trace theorem carries over to compact Riemannian manifolds 
with singular structure away from dX. 

Fix the relative extension of the Laplacian, induced by d* k min 

(5.12) A k := 4,min4,min + 4-l,min4~l,min- 

The minimal extension 4, mm is defined as the graph closure of the de Rham differential 
4 on Q* c (Cj(N), E) in L 2 (Q*(Cj(N), E),g, h E ). Hence, Theorem 5.1 implies 



^(4,min) C {CU E ^(4,ma x )k*W = 0}, 

®(Af) C{uE $)(A k , max )\i*u = 0, t*(c£_if ) = 0}. 
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By the Hodge decomposition of fl*(N, E N ), the de Rham complex (Q*(Cj(N)),d) de- 
composes completely into subcomplexes of the three types (5.4), (5.7) and (5.9). It has 
been observed in [Ver09a, Theorem 3.5] that in each degree k this induces a compati- 
ble decomposition for the relative extension of the Laplacian. In the classical language 
of [Wei80] we have a decomposition into reducing subspaces of the Laplacians. Hence 
the Laplacians A^ el induce self-adjoint relative extensions of the Laplacians A^,A|, 
j = 0,1, and 

In order to discuss the corresponding relative boundary conditions explicitly, note 
that by the classical theory of linear differential equations for any element / of 
^(A^ max ),^(A^ max ),j = 0,2, or @(H£ max ),i = 0,1, f and its derivative /' are both 
locally absolutely continuous in / with well-defined values at x G dl. More precisely at 
x = 1 in case I = (0, 1], and x G {e, 1} in case / = [e, 1]. Hence the following boundary 
conditions are well-defined 

B k N (x)f := f(x) + (~l) k+1 c k f(x), B D (x)f := f{x), x G 81. 

In case of / = (0, 1] boundary conditions at x = need to be imposed. By the well- 
known analysis, compare [BrSe88], [Che79b] and the basic discussion of the second 
author [Ver09b], any solution / G L 2 (0, 1) to 

(5.14) _g + ^(„._l) / = 9eL . ( o,l), 

admits an asymptotic expansion of the form 

f Cl (f)^ + c 2 (f)^\og(x) + 0(x 3 / 2 ), v = 0, 

(5.15) f(x)~{ c 1 (f)x u+1 ^ + c 2 (f)x- u+1 / 2 + 0(x 3 / 2 ), z/G(0,l), x^O, 

1 0(x 3 / 2 ), v > 1, 

where the coefficients Ci(/) and c 2 (/) depend only on /. Consequently the following 
boundary conditions at x = are well-defined 

(5.16) B K (0)f := { I % I"' ^ B D ( )f := { ^ % §>; «• 

Proposition 5.3. Let Aj tV , Aj tV ,j = 0, 1, be the Laplacians of the pair of subcomplexes 
(5.4) and (5.7), and let Hq , H\ , 6e £/ie Laplacians of the subcomplex (5.9). JTie domains 
of their relative self-adjoint extensions are given as follows. For I = [e, 1] 





= {fe S(AS7) | 


B D (e)f = 


0, ifc(l)/ = 0} = 0(A2£ 




= {/ G ^(A- ax ) | 


B k N + \e)f- 


= 0, 


< +1 (i)/ = o}, 




= {/ G @(A^) | 


B n N ~\e)f 


= 0, 


= 0}, 




1 = {/ G ^(^, max 


) 1 B%{e)f 


= 0, 


<(!)/ = 0}, 




1 = {/ G $>(H k max 


) 1 B D (e)f 


= 0, 


B D (l)f = 0}. 
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For I = (0, 1] the domains are given by 

= {f G I B D (0)f = 0, B D (l)f = 0} = 0(AgJ), 

0(A$) = {/ G I 5 D (0)/ = 0, = 0}, 

^(A^) = {/ G #(A™*) | 5 D (0)/ = 0, BJT*(1)/ = 0}, 
^(^ rc i) = {/ G 2>(Ht m J I 5^(0)/ = 0, S* (1)/ = 0}, 

^(#0,rel) = {/ G ^« nax ) | 5d(0)/ = 0, 5 D (1) f = 0}. 

Proof. The choice of the boundary conditions at x = 1 in case J = (0,1], and at 
s G {e, 1} in case I = [e, 1], follows for the individual relative self-adjoint extensions 
from (5.13), the explicit form of the exterior differentials (5.2) and the fact that for 
any x G dl and the inclusion l x : {x} x iV Cj(N), we have L*(fk-i, fk) = fk{x) for 
any (fk-i, fk) G ^(A max ) with continuous at x. The boundary conditions at x = 
in case 7 = (0, 1] have been determined in [Ver09b, Corollary 2.14] and [Ver09a, 
Proposition 3.6 and 3.7]. □ 

5.3. The Difference of Analytic Torsion for the Truncated and the Full Cone. 

Let (N n ,g N ) be a closed Riemannian manifold of even dimension. Let C(N) := (0, 1] x 
N, equipped with the metric g = dx 2 © x 2 g N and for e > let C e (N) := [e, 1] x N, 
equipped with the same metric. Let A^. el and A^ denote the Laplacians with relative 
boundary conditions on /c-forms associated to (C(N),g) and (C e (N),g), respectively. 
Put 

dim C{N) 

(5-17) T(e,s):=- £ (-l) fe • k - (C(s, Ajjfjf) - £(s, A^ e1 )) . 

k=l 

T(e, s) is related to the scalar analytic torsions of (C(N),g) and (C e (N),g) by 

(5.18) T'(e, 0) = log T(C e (N), E, g) - log T(C(N), E, g). 

Consider the decomposition of the de Rham complex as described in Section 5.1. For 
each fixed degree k, the subcomplexes (5.4) and (5.7) are determined by a coclosed 
eigenform ip G Q k (N, E^) of the Laplacian A^jy with eigenvalue rj > 0. For k = 
0, . . . , n + 1 let 

Efc := Spec(A fciCcM v)\{0}. 

For i] £ Eh the relative boundary conditions for the Laplacians Aj^, A 3 - )f? , j = 0, 1, of 
the sub complex-pair (5.4) and (5.7), and the Laplacians Hq,H^, of the subcomplex 
(5.9) are discussed in Proposition 5.3. Here we distinguish operators on (C e (N),g) by 
an additional e-subscript. 

Definition 5.4. Denote by m(^) the multiplicity of rj G For Re(s) 2> put 

CMrfoe) := dim Ji fc (iV, 7^) (C^fl*^ - C(*,#£rei)) , 
(5 ' 19) C*(«, e) := E - ^ %SJ) ~ A t) ~ ^ • 



24 WERNER MULLER AND BORIS VERTMAN 

We note that T(e, s) can be expressed in terms of Cfc,tf( s > e ) an d (k(s, e) as follows 

1 n/2-l n 

(5-20) T(e,s) = - (-ll^f^l + ^Ei- 1 )^^^ Re ( s ) »° 

fc=0 fe=0 

(see [Ver09a, (4.3), (4.4)]). Evaluation of ( k (0,e) requires application of the double 
summation method, which has been introduced by Spreafico in [Spr05], [Spr06] and 
was applied by the second named author in [Ver09a], see Theorem 2.6, to derive 
the general formula for analytic torsion of a bounded cone in. Evaluation of (' k H (0, e) 
reduces to an explicit computation of finitely many zeta-determinants and application 
of [Les98]. We begin with the evaluation of ( k (0,e) for each fixed degree k along the 
lines of [Ver09a, Section 6]. 

Proposition 5.5. For c > let 

A c := {A G C: |arg(A - c)\ = tt/4} 
and assume that A c is oriented counter-clockwise. Put 



(n — 1) / 

a k := k, u(ij) := \Jr] + a\, r] G Spec.A fcjCc/iiV \{0} 

Let c{rj) = co/(2i/(?7) 2 ), where Co > is a fixed positive number, smaller than the lowest 
non-zero eigenvalue of A^ el and Al e \, such that c(j]) < 1 for all r\ G E k . Then Cfc(^,e) 
admits the following integral representation for Re(s) 

„2 roo , s -l p -At 

ri£E k v ' J{i JA c(v) 

where C e (A) is defined in terms of zeta-determinants by 

de t{ (Ail, WX) - W 

7 ?> eV ' to / Arel to 



det ( Ar i!U detfe £ ) 
(5-21) V " J 

det c (Af n - u^fX) det c (A-' - u( V ) 2 X 

+ lo S ; ,' Aro n log 



det ( A ^) det(A^) 
and log denotes the main branch of the logarithm. 

Proof. Recall that the spectrum used to define (k(s,e) is the union of the spectra for 
the Laplacians A™ 1 , A^ and A^t e , A^L where r\ runs over E k . For any choice 



L{v) 6 {A^ B , A[% A\% e , A-;} , v eE k 



the spectrum SpecL(?7) C 1R + is strictly positive. Indeed, Spec 1/(77) is contained in the 
spectrum of the non-negative Laplace operator on the truncated or full cone, and its 
zero eigenvalues arise in both cases only from harmonic forms H*(N, E^). We note 
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that the resolvent of L(rj) is a trace class operator [Les98], and from Definition 5.4 we 
infer for Re(s) ^> 

1 r°° i r 

(5.22) Ck(s, e)=J2 ™(v) K^^frr / 1T 1 — / e-X^) dXdt > 

where 

< e (A) = Tr (A - Kt/)" 2 ^)" 1 " Tr (A - ^Agc,)" 1 
- Tr (A - K^A^r 1 + Tr (A - i/(iy)- 2 A^ 



For any choice of 



L( V ) G { A-; i£ , A* A^ e , A-;} , V EE k 



we find by [Les98, Proposition 4.6] that, enumerating Spec L(rj) = {Aj}?^ in increasing 
order, the series 



(5.23) log 



det c (L(7y) - u{r,f\) _ ^ ( vJjjfX 
det c L( V ) g \ A, 



converges and by the choice of the logarithm branch is holomorphic in A G C\{x G 
x > c(j])}. Moreover, 

( 5.24) v.fWxY-'vxWm-^n) 



v(rj) 2 J dX det^L(rj) 

By the definition of c{rf) > 0, (5.23) is holomorphic in an open neighborhood of the 
contour A c (^), and so we may integrate (5.22) by parts first in A then in t, and obtain 

(5.25) ( k (s,e) = £ m M ^T 2S W-\ / / e~ Xth ieWd\dt 

v eE k 1 W Jo 11X1 Ja c M 

(5.26) = £ -(,) V (r,r> t-> tl( mdt , 



where 



,* m , det c (Ajd, - K^) 2 A) det c (A^ e -^) 2 A 

*„ >e (A) = - log TT^T-i v + 



(5.27) 



det ( A * det (ai^, 

det c (AfJ, - z^A) det c fe - 

+ lo § ; ,' Aro n log 



det ( A l9 * det (A5- 



□ 
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Lemma 5.6. For any v > and z G C we have 



(uzl' v (uz) - a k I v {vz)) . 



det c (Afi, + u 2 z 2 ) 2 u T(u) 

det(A^) (vz)»{l + a k /v) 1 ^ ; " l 

det c (Ag + z/V) _ 2 u V{y) 

det^A^) (uz)"(l-a k /u) 

det c (A^ £ + v 2 z 2 ) _ [vzV v {vz) + a k I u (uz)) (uzeK' u (uze) + OkKjyze)) 
det(A^ e ) (z/ 2 -a 2 )( e --e-) 

uzK' v {vz) + afc^^) vzel' v {vze) + a k I u {yze) 



x2vy/e 1 



vzl' v {yz) + a k I v {yz) vzeK' v {yze) + a k K v {yze) 

det c (A r ^ £ + z/V) ^ (^(^) - g fc /„(i/z)) (zAzei^ze) - a^KAyze}) 
det(A^ e ) (z/ 2 -a 2 )(e--e-) 

vzK' v {yz) — a k K v (vz) vzel' v {yze) — a k l v (yzt) 



x2uJe 1 - 



vzl' v {yz) — a k I v {yz) vzeK' v {yze) — a k K v {vze) 

Proof. We evaluate the zeta-determinants using their explicit relation with the normal- 
ized solutions of the operators, established by Lesch in [Les98, Theorem 1.2]. The first 
two equations have been evaluated in [Ver09a, Corollary 6.3]: 



det ( (Af+is 2 z 2 ) 2T(u) . Tl . . T . 



(5.28) 



det(A r ^) (^"(l + afe/i/) 

det c (g& + z^ 2 ) _ 2 ^r» 

det fe) WC 1 - a */f) 



iyzl' v iyz) - a k I v {vz)) 



In order to evaluate zeta determinants of A^ e and A 1 ^, consider solutions f$, v {',z) 

and f<j, } v{',z) of (A^ £ + z 2 )u = and (A^* + z 2 )v = 0, respectively, normalized at 
x = 1. By definition (see [Les98, (1.38a), (1.38b)] these are solutions of the respective 
operators, satisfying relative boundary conditions at x — 1 and are normalized by 
fo, v (l, z) = 1 and /</,,„(!, z) = 1, i.e. 



(A ljt ,, e + z 2 )U, u (; z) = 0, 4,(1, z) + (-l)*c fc+1 /^(l, z) = 0, /^(-, z) = 1, 

(A ltV , e + Z 2 )U, U (; Z) = 0, (1, z) + (-l)"~ fc+1 Crl _ fc /^(l, z) = 0, U >v (; z) = 1. 



ANALYTIC TORSION ON MANIFOLDS WITH CONICAL SINGULARITIES 27 

Normalized solutions are uniquely determined and explicit computations lead to the 
following expressions 

f^(x,z) = (zl' v (z) + a k I„(z))y/xK v (zx) - {zK' y (z) + a k K v {z))^/xI v (zx), 
f^ v (x,z) = (zl' v (z) - a k I v (z))^/xK v (zx) - {zK' u (z) - a k K v (z))y/xI v (zx), 

(5 ' 29) UA*> 0) = ^~iy - Uk)x v+l > 2 + + a k )x-» +l '\ 
where we use 

(5.30) K v (z)I' v (z) - K(z)I u (z) = - z 

In view of [Les98, Theorem 1.2] we find 

det c (A[% e + v 2 z 2 ) _ f^je, vz) + (-l) fc c fc+1 /^(e, vz) 
det (A* e ) f^(e, 0) + (-l)^c fe+1 /^(e, 0) ' 

(5 ' 31) det c (A^ £ + v 2 z 2 ) = f^vz) + {-l) k c k+l f <t> ^vz) 

det (A^ )6 ) f'^ °) + (-l) fc W*,,(e, 0) ' 

We note that in the non-singular case this is due to Burghelea-Friedlander-Kappeler in 
[BFK95]. Plugging in the expressions (5.29) we obtain the lemma. □ 

In particular, applying Lemma 5.6 several cancellations lead to a representation of 
t* e (\) in terms of Bessel functions with v = 2/(77) an d z — ^J—\ where we use the main 
branch of logarithm in C\M~, extended by continuity to one of the of the cut 

4(A) = - log (vzeKKuze) + a k K v {vze)) - log (l + ^ 

+ log (vzeK'Avze) - a k K u (vze)) + log 1 

V v 

(5.32) ^ / ^ vzK' v {vz) + a k K v (vz) vzel' v (vze) + a k I u (vze 



+ log 1 



vzl' v {yz) + a k I u (vz) vzeK' u {vzt) + a k K u (vze) 
vzK' v {yz) — OL k K v {yz) vzel' u (vze) — a k I v (vze) 



vzl' v (yz) - a k I v {yz) vzeK' u (vze) - a k K u (vze) ) ' 

For the arguments below we need to summarize some facts about Bessel functions. 
We consider expansions of Bessel-functions for large arguments and fixed order, (see 
[AbSt92, p.377]). For the modified Bessel functions of first kind we have 

(5.33) ^) |.:|->oc. 
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Expansions for modified Bessel functions of second kind are 



(5.34) 



K v {z) 
K'Jz) = 



n 



— r [ 1 + [ - 

1 + 




2 2 



\z\ — > oo. 



The expansions (5.33) and (5.34) hold in |arg(z)| < tt/2, in particular they hold for 
z = y/—X with A G A c large. For small arguments and positive orders v > we have 
the following expansions 



(5.35) 



I'M - 



z 



z 



2*T(z/ + l)' 

v-X 

K'Jz 



KJz) 



as \z\ — > 0. 



2 v Y(v) 



yU+X 



Next recall the expansions of Bessel-functions for large order v > (see [Olv97, Section 
7]). For any z G {w G C : |arg(w)| < tt/2} U {ix\x G (—1, 1)}, put 

t := (l + z 2 )' 1/2 and £ := 1/f + log(z/(l + 1/*)). 
For the modified Bessel functions of first kind we then have 



(5.36) 



Ijuz) 
I'Jvz) = 



1 



V2^(l + z 2 ) 1/4 
1 e" s 



N-X 



r=l 
N-X 



r=l 



x /2^;^(i + ^ 2 )- 1 / 4 

Expansions for modified Bessel functions of second kind are 



(5.37) 



KJuz) 



KJvz) = - 



7T 




71 




2z/(l + z 2 ) 1 /4 



2z/^(l + 2 2 )- 1 /4 



N-X 

E 

r=l 
AT-1 



-1/ 



— 1/ 



r=X 



-V) 



The error terms ri^^iv^z) are bounded for large v uniformly in any compact subset of 
{z G C: |arg(z)| < vr/2} U {ix\x G (—1, 1)}. For this fact see the analysis of the validity 
regions for the expansions (5.36) and (5.37) in [Olv97, Section 8]. For A G A c with 
< c < 1, the induced z = \/—\ is contained in that region of validity, where we use 
the main branch of logarithm in C\R~, extended by continuity to one of the sides of the 
cut. The coefficients u r (t),v r (t) are polynomial in t and defined via a recursive relation 
(see [Olv97, (7.10)]). 
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As in [BKD96, (3.15)] we have for any fixed a6K the following expansion as v — > oo 

D r (t) 



(5.38) 



log 



Vr(t) 

(±vY 



N 



+ 



a 



k=l 



'±V 



^ (±vY 

r=l v ' 
N-l ,,x 



-7V-1> 



0(z/ 



-JV-1\ 



JV 

E 

r=l 



M r (t,a) 



+ 0(v- N - 1 ). 



The coefficients D r (t) and M r (t, a) are polynomial in t of the form 

r r 

(5.39) £> r (t) = ^ x r>b t r+2b , M r (t, a) = J2 z r , b {a)f +2b . 



b=0 



b=0 



This follows from the fact that the u r (t)'s and v r (t)'8 are polynomials. See also [BKD96, 
(3.7), (3.16)]. As a consequence of [BGKE96, (4.24)] we have 



(5.40) 



MJl,a) = DJV 



-a 



Proposition 5.7. There exist e, c > such that for Re(s) >0 we have 



-At 



Cfc(s,e) r( s + i)7 2«7 Ac -a 

T e fc (,,A)= ^m(^) < e (A)K^)- 2s 



Tj°(s,X)d\dt, 



Proof. Consider the expression of C e (A) in (5.32) in terms of Bessel functions. We 
need to investigate its behavior for large r], or equivalently for large v(t]). Let z G {w G 
C: |arg(iu)| < tt/2} U {u;|x G (-1, 1)} and t e := (1 + (e^) 2 )" 1 / 2 . By (5.37) we find 

— log (uzeK' v (uze) + a k K v {yze)) + log (iA2ei^(iAze) — a.kK v {vze)) 



(5.41) 



log 



+ log 



+ 



Otk 



iV-l / 
D r (t f 



7V-2 



fe=i 



r=l 
JV-2 



-V 



1 ^ (-^) r 



-V 



where the error terms 



(5.42) 



k Nj1 (u, ze) = i] NA (v, ze) + (a k t e )r) N -i, 3 (v, ze) 
k>n,2{v, ze) = r] NA (u, ze) - (a k t e )r] N _ li3 (u, ze) 



are bounded for large v uniformly in any compact subset of {z 6 C: |arg(z)| < 7r/2} U 
{ix\x G (-1,1)}. Employing (5.36) and (5.37) we find with £ := l/t + log(z/(l + 1/t)) 
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and & := l/t e + log(ez/(l + l/t £ )) 

vzK' v {yz) ± a k K v {yz) vzel' v {vze) ± akl v {vze) 



log 1 



(5.43) V vzl' v (vz)±a h l v {vz) iszeK' u (vze) ± a k K v {yze) 

log (l-e 2 ^-«)(l + /<*/, «))), 

where the error term k(z/, z) is again bounded for large v uniformly in any compact 
subset of {z G C: |arg(z)| < n/2}U{ix\x G (—1, 1)}. We need to consider the difference 
(£ e — £) in detail. 

e e -e = v / TT(^F-v / rT^+iog(- — . = ) - log 



ez} 2 } \l + ^/TTz 2 ~ 




+ ez 



1 + {ezf 



+ {ezf J b Vl + vT+ 



We are interested in the asymptotic behavior of (£ e — £) as e — >■ 0, which is possibly 
non-uniform in z. Hence, we consider (£ e — £) under three asymptotic regimes, \ez\ — > 
oo,\ez\ —7-0 and \ez\ ~ const. We find by straightforward estimates 

Re(&-0 ~ eRe(z)(l - 1/e) = Re(z)(e - 1), as |ez| -> oo, e -> 0, 

(5.44) Re (& - ~ log |ez| - ReVl + z 2 , as |ez| -» 0, e -> 0, 

Re (£ e — ~ — C* e ~\ as Ml ~ const, e — >• 0, 

for some constant C > 0. For {z6C: |arg(z)| < n/2} U {z = ix\x G (—1, 1)}, we have 
Re\A + z 2 > 0, and Re(z) > as \z\ — » oo. Consequently, for e > sufficiently small 
Re(£ e — £) < <5 < for some fixed 5 < and hence exp(2i/(£ e — £)) vanishes as v — > oo, 
uniformly in any compact subset of {z G C: |arg(z)| < tt/2} U {is|a; G (—1, 1)}. 

The uniform expansions above show that in (5.41) and (5.43) the arguments of the 
logarithms stay away from the branch cut C\M~ for v large enough and e > sufficiently 
small, uniformly in any compact subset of {z G C: |arg(z)| < 7r/2} U \ix\x G (—1, 1)}. 
Consequently, in view of the expression (5.32), tjL(A) is in particular holomorphic in 
an open neighborhood of {A G [0, c']} C C for some 0<c'<l and 2/(77) > u o- Moreover, 
for any 77 G E k , t*(\) is holomorphic in A G C\{x G K | x > c{rf)}. Thus, setting 
c := min{c', 0(77) | 77 G 2/(77) < ^o}; we deduce for e > sufficiently small 

2 POO f S-l p -\t 

^ r ( s + X ) ^ 27T7 J Ac -A 

The deforming of the contour of integration from A c ( r) ) to A c is permissible, as the defor- 
mation is performed within the region of regularity for each e (A), 77 G E k . Employing 
again the expansions (5.36) and (5.37) we find that 

(5.45) m ^ C^M**)" 2 *. Re ( s ) » °> 

converges uniformly in A G A c and hence by the uniform convergence of the integrals 
and series we arrive at the statement of the proposition. □ 
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Proposition 5.8. Let the notation be as in Proposition 5.5 and 5.7. Let A G A c 

and t € (X) := (1 — (e 2 A)) -1 / 2 . Then for e > sufficiently small we have the following 
asymptotic expansion for large v(r)), r\ G E k 



4(A) ~ £ 



r=l 



M r {t e {\), -a k ) - M r {t e {\), a k ) + 



Oil 



-Oik) 



Proof. Consider expansions of the individual terms in the expression (5.32) for £™ (A). 
For A G A c , z = y/—X lies in the region of validity of the expansions (5.36) and (5.37). 
Combining (5.37) and (5.38) we compute for large v = v{j\) 

- log {vzeK' v {vze) + ot k K v (vzej) + log (uzeK' u (uze) - oc k K v (uze)) 



- log 
+ log 



k=l 



k=l 



-V) 



Oik 



-v 



r=l 

oo 



MX) 1 + E 



r=l 



U r (t e (A)) 



Ur(*e(A)) 



oo j 

J2 TTy (-M r (t e (A), a fc ) + M r (t e (A), -a*)) , as z/ ^ oo. 



The standard expansion of the logarithm yields for large v 



_ log(l + ?)+log(l _ ?) . E 



1 



This already gives all the terms in the stated asymptotic expansion of t^ e (—z 2 ). Thus 
we need to check that the remaining terms indeed have no asymptotic contribution. 
Using (5.36), (5.37), and putting £ e := l/t e (A) + log(ez/(l + l/t e (X))), the remaining 
terms are estimated as follows 



(5.46) 



vzK' v (vz) ± a.kK v (yz) vzel' v {vze) ± a.kl v {yze) 



uzl' v {uz) ± GLkI v {yz) vzeK' v (yze) ± ai k K v (yze) 



0{e 



), v — > oo. 



The difference (^ e — has been considered in detail in Proposition 5.7. For e sufficiently 
small, Re(£ e — £) < and hence the remainder term 0(e 2 ^ e_ ^) in (5.46) does not 
contribute to the asymptotic expansion for large v. □ 

Next we introduce a (shifted) zeta-function by 
(5.47) Cfc,Jv(s) := £ mfa) = C (|, A fe)Cd)iV + , Re{s) > n, 

where as before m(r]) denotes the multiplicity of rj G Ek. The heat trace expansions 
for (A fccc /7v + ttfc) and A fciCciiA r have the same exponents, and hence Cfc,iv( s ) extends 
meromorphically to C with simple poles at {(n — 2fc) | fc G N}. Consequently, the 
terms v(ii)~ r in the asymptotic expansion of t* £ (X) with r = n — 2k, k G N, may lead to 
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singular behavior of T e fc (s, A) at s = 0. We regularize T e fc (s, A) by subtracting off these 
terms from t^ e (A), and define 



/* e (A) :=(-l) r lM r (t e (\),-a k )-M r (t e (\),a k )+' 

(5.48) 

PL(A) :=< e (A) -^K^-t^A), P e fc (s, A) := £ m (f?)^ i£ (A)^(?7)~ 2s . 

r=l r,e£ fc 

By construction, P e fc (s, A) is regular at s = 0. The contribution of the terms /r e (A) is 
computed in terms of the polynomials M r (t, a) in (5.39). The computation uses special 
integrals evaluated already by Spreafico [Spr06]. 

Proposition 5.9. 

f «- 1 5s L ^ f - (X) dXit = ( - 1)r S ( ^ (_at) " ^» E Sr$r < *- 

Proof. The A- independent part of /* e (A) vanishes after integration in A. The coefficients 
M r (t e (A), ±cKfe) in the definition of e (A) are polynomial in t e (A) = (1 — e 2 A) -1 / 2 . Hence 
we compute, by substituting first = e 2 A, and then r = t/e 2 

t 5 - 1 — / —- t—-d\dt=e 2s / r 8 - 1 — / , d^idr 

2m J Ac -A (1 - t 2 \y J 2m J A ^ -// (1 - ^ 

For the inner integral we obtain by substituting z = r(/i — 1) 



1 f e~^ T 1 1 f e~ z 

-dfi = -—e~ r T a / (-z)~ a dz 



2m J A —fi (l-/i) a 2m J a z + t 



where A = A T ( £ 2 c _i). The contour of integration encircles a pole singularity z = of the 
integrand and the second pole at z = — r lies outside the contour of integration. Hence 
we can deform the contour to start at infinity of the real axis, continue along real axis 
to some 5 > 0, continue along the circle of radius S around the origin counter-clockwise, 
and then continue from 5 back to infinity along the real axis. 

The deformation does not change the value of the integral, and the deformed contour 
shall be denoted by with its three components ffg , j = 1, 2, 3, as in Figure 5.3 below. 
We can now evaluate the integral along each of these three components. 

Note that the many- valued function (— z)~ a is made definite by the convention 



g -olog(-«) 



with the main branch of the logarithm. Along ^ we have arg(— z) = —m and along 
ffg we have arg(— z) = ir. Consequently, we find 

VV" f ^(-z)^ = ^e-V r-?—z-dz 



2m J z + r ii J/: z + r 
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<^3 



FIGURE 3. The deformed integration contour ^ 



Assuming Re(a) < 1, the limits as 5 — > for the integrals along each of the three 
components = 1,2,3, are well defined and in fact the integral along ^ 2 vanishes 
in the limit. Consequently we obtain using [GrRy94, 8.353.3] and assuming Re(a) < 1 

(5.49) -— e~W a [ -Ll-{- z )-*dz = ^M e "V a f°° — z~ a dz 
2m J A z + t ix Jo z + t 



(5.50) 



7T 

sin(a7r) 

71 



r(o,r)r(l - a). 



Since the left integral in (5.49) and the expression (5.50) are both analytic in a e C, 
the equality between the two in fact holds for any a e C and the statement follows 
finally from the relation between the incomplete Gamma function and the probability 
integral 

(5.51) Hr-^-Mdr T(s + a » 



r(o) 



sT(a) 



□ 



Consequently we arrive at the intermediate representation of £ k (s,e) for Re(s) ^> 



Ck(s,e) 



(5.52) 



r(s + 1) J 2m J Ac -X 



-At 



P t k {s,X)d\dt 



— l) r s 

r>— —22(z r>b (-a k ) - z Tib (a k )) 



V{s + 1) 



T(s + b + r/2) 
T{b + r/2) 



:2s 



r=l y ' 6=0 

While the second summand in (5.52) extends meromorphically to C, it still remains 
to derive an analytic extension to s = for the first summand. 

Proposition 5.10. Let the notation be as in Proposition 5.5 and (5.48). Then for 
large arguments A 6 A c and fixed order r\ e E k we have the following asymptotics 

P k v ,eW = & + O ((-\)- 1/2 ) , 

where 

1 / m;. - (-a k : 



log 1 - 



Ok 

1/(77) 



-log 1 + 



v(rj) 



r=l 



-v{r,)y 
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Proof. The function p^ e {\) is given by the following expression 
PIW = 4(A) - TZ^y (W(A), -<* k ) - M r (t e (X), a k ) + ^ " { ~ akY 

The polynomials M 2r (t e (A), ±a^) have no constant terms, and hence M 2r (t e (A), ±«fc) ~ 
O ((-A)" 1 / 2 ) ,A -> oo, since 

(5.53) t € (\) = - / =L= = 0{(-\y 1 / 2 ), A^oc. 

By (5.33) and (5.34), setting v = 1/(77) 

— log [yzeK' v (yze] + a k K v {uze)) + log (i/zei£^(i/ze) — a k K v {vze)) 

~ log (l + — ) - log (l - — ) + O ((-A)- 1 / 2 ) ~ O ((-A)" 1 / 2 ) , A ^ oo. 
V vzeJ V vzeJ 

Moreover 

uzK' v (uz) ±a k K v {uz) _ z/zel^(z/ze) ± q^izze) ^ , 2v z{e-x)\ x _^ x 
vzl' v {yz) ±a\J. v {yz) vzeK' u {vzt) ±a k K u {vzt) 

(e — 1) < and Re(z) > for large z = y/—X, A G A c . Consequently 0(e 2uz<ye ~ 1 " > ) is in 
particular of O ((— A) -1 / 2 ) asymptotics for A — » oo, A G A c . By the explicit expression 
for t^ e (A) in (5.32) the statement follows. □ 

Definition 5.11. Define for Re(s) > n in notation of Proposition 5.10 

(5.54) B*(s):=Y,™(v)blHv)- 2s - 

B^(s) converges at s = by construction, since ( k ,N{s) converges for Re(s) > n. 
Proposition 5.12. Let P e fc (s, A) be defined by (5.48). Then 

P e fc M) = 0. 

Proof. By (5.40) 

(5.55) M r (l, -a k ) - M r (l, a k ) = ~ ^ . 

r 

For any fixed e > clearly A — > implies that t = (1 — e 2 A) -1 / 2 tends to 1. Hence 
/ r fc e (A) = (-ir (M r (l,-a») -M r (l,a») + ~ ) ) = 0. 

Moreover, by (5.35) 

— log (yze.K' v (yze) + a k K v {vze)) + log [y zeK' v {y ze) — a k K v {vze)) 

~ log (l + — ) " log (l - ^) , as A -> 0. 



Moreover we have 

vzK , Jvz)±a k KJvz) vzel'ivze) ± a k I u (vze) 9 „ 
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By the explicit expression for t^ e (X) in (5.32) the statement follows. Note that the 
e— dependence cancels. □ 

We can now put everything together and write down the meromorphic continuation 
to s = of the zeta-function (k(s, e), introduced in Proposition 5.5. By the arguments 
of [Spr05, Section 4.1] we have 

(5.56) + 22 Ck > N ( 2s + r) f(7Tl) 2^(^(-°*) - ^K)) r(6 + r/2) 

+ rx^T) /l(s ' e) ' 

where /i(s, e) vanishes with its derivative at s — 0. Note that all the terms are regular 
at s = 0. Inserting the results of Proposition 5.9, Proposition 5.10, Proposition 5.12 
together with Definition 5.11 into the expression (5.56) we obtain the following 

Proposition 5.13. Let (En, Vjv, /ijv) be aflat Hermitian vector bundle over an even- 
dimensional oriented closed Riemannian manifold (N n ,g N ). Denote by Ak >C ci,N the 
Laplacian on coclosed k— differential forms Q^ cl (N, E^). Let the notation be as in (5.39) 
and (5.47). Put 



r 77, — n / 

a k := — k, v(ri) = \J rj + a\, for rj G E k = SpecA fciCdiA r\{0}. 

Let m(rj) denote the multiplicity of rj G E k . Then for e > sufficiently small, Cfc(s,e) 
defined in Definition 5.4 admits an analytic continuation to s = of the form 



Ck(s,e) 



\ n r 



-afc) r 



^ rv{r\) r 

- (— l) r s r 

+ ^Cfc,7v(2g + r) — — ^(Zr,fc(-Qfr) - 2r^(a*)) 
r=l ^ ' b=0 

r(g + & + r/2) 2s s 2 
X T(6 + r/2) 6 + f(ITl) 

where h(s) vanishes with its derivative at s = 0. 

Note the full analogy (up to computationally irrelevant, but geometrically crucial 
sign differences) to the corresponding result in [Ver09a, Proposition 6.10]. An ad 
verbatim repetition of the arguments in the proof of [Ver09a, Corollary 6.1] leads to 
the final formula. 
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Corollary 5.14. Let (E N ,\7 N , hjy) be a flat Hermitian vector bundle over an even- 
dimensional oriented closed Riemannian manifold (N n ,g N ). Denote by & k)C ci,N the 
Laplacian on coclosed k— differential forms fl^ cl (N, E N ) and put 



(n — 1) / 

a k := — - k, u(rj) = ^ rj + a 2 k , for r] e E k = SpecA fe>cc/>JV \{0}, 

(k,N(s) = ^ m (v) v(v)~", Cfe,Ar(s, ±a k ) := ^ m (v) (K 7 ?) ± a k )~ s , Re(s) > 0, 

r]<=E k r/£E k 

where 111(77) denotes the multiplicity of 77 G E k . Then we find in notation of (5.39) for 
e > sufficiently small 

1 n/2 2r T'(b + r) 

r=l S V b=0 \ T > 

+ Cfc,7v(°> -oik) ~ Cfc,7v(0, a*)- 
Proof. We follow the approach of [BKD96, Section 11]. Define 

a k \ (Ta t )' 



K(a, ±a k ) := m ^ ^)' 2S ( - log (l ± ^y) - fl 



J ruirj) 1 

The series K(0, ±a k ) converges absolutely, since Cfc,Jv( s ) converges absolutely for 
Re(s) > n. In order to evaluate K(0,±a k ), define 

K (s, ±a k ) := HV) t^e-W - £ { -^-) dt 

(5.58) ^ n V r=0 r ' J 

= i» c k>N ( s , ±a k ) - ^f- r ( s + r ) ^ + r )- 

r=0 

K (s, ±a k ) is an absolutely convergent sum at s = 0, since Cfc,iv( s ) converges absolutely 
for Re(s) > n. By construction 

(5.59) ^(0,±a fc ) = ^ (0,±a fc ). 
Furthermore we find from (5.58) and regularity of K (s, ±a k ) at s = 

(5.60) G,iv(0, ±a k ) = C fc .7v(0) + V ^^Res( k , N (s). 

r=l 

Using (5.60) we obtain following expansion at s = 

r(s) ±«fe) ~ Q - 7 + 0(s)j ( Cfc,7v0> ±«fc) - Cfc,7v(0, ±«fc) ) 

(5.61) + f~ - 7 + O(s)^ 0mv(0, ±« fc ) ~ Cfc,jv(0, ±a fc ) 

+ (l ~ 7 ) ( a ' Jv( ° ) + £ ^-? = e r s ^^( s )) + 
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Similarly we find 

(5.62) F(s) CuA*) ~ Cfc,7v(0) + f ~ - 7j G,tf(0) + O(s), as a 0. 

Moreover, denoting by PP(k,N( r ) the constant term in the asymptotics of Cft,iv( s ) near 
the pole singularity s = r, we compute 

E -^r - r ( s + r ) + r ) ~ E — h — 5f r s 

(5.63) r=1 ' r = l 

+ E ^7^- PP Giv(r) + O(s), as S ^ 0. 

r=l 

Plugging (5.61), (5.62) and (5.63) into (5.58) we arrive at the following 

K{0, ±a k ) = K {0, ±a k ) = C^(0, a) - CjU(O) 
(5-64) " ( T a fc ) r / l. , , / , r'(r) 



" E ^ (feC^W (7 + £g) + PPC^(r)) 



This result corresponds to the result obtained in [BKD96, p. 388], up to certain factors 
due to a different notation. Furthermore, we compute straightforwardly 



d 
ds 



c ^ (2g + r) r (g + i) r(6+|) =2^^ 



r(6 + |) +7 



+ PP0 M v(r). 



Finally, note by (5.39) and (5.40) 

(5.65) E^(~ a *) ~ = Mr(l, -a k ) - M r (l, a k ) = { ~ ak> ~ Qfc . 



6=0 



Differentiating (5.57), we arrive at the result; note that e— dependence cancels, since 

(5.65) vanishes for r even, whereas on the even dimensional closed Riemannian manifold 
(N n ,g N ) the residue Res CfcJv(s) vanishes for r odd. □ 

s=r ' 

Proposition 5.15. Let (En, Vat, Hn) fre a /7at Hermitian vector bundle over an even- 
dimensional oriented closed Riemannian manifold (N n ,g N ). Denote the Euler charac- 
teristic of (N, En) by x(N,En) and the Betti numbers by b k '■= dim H h (N, En)- Then 
in notation of Definition 5.4 we find 

fc=0 fc=0 v 7 

n/2-1 n/2-fc-l 

(5.66) + ^ (-1)% E M2/ + 1) 

fc=0 1=0 

+ E L Y L 6fclog(n-2A; + l) 

fc=0 
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Proof. By Definition 5.4 we can write 
(5.67) fc=0 " k=0 



fc=0 

H'(0) has been evaluated in [Ver09a, Theorem 7.8] with 



E H~ ^ C'(0, # J re i) = ^^(iV, « - E ^ 6 * - 2* + 1) 

(5.68) fe=0 " fc=0 

v ' n/2-l n/2-fc-l 

- Et- 1 )^ E M2/+i). 

We evaluate H'(0,e) using [Les98, Theorem 1.2], which relates the zeta determinants 
to the normalized solutions of the operators, satisfying the corresponding boundary 
conditions. The boundary conditions for HQ trel have been determined in Proposition 
5.3, and are given by the Dirichlet boundary conditions. By the formula [Les98, 
Theorem 1.2] we then find 

(5.69) det c « >rel ) = ^ (e-^l - 6^1) . 

\ a k\ 

Taking logarithms and employing Poincare duality on (N, g N ) we find 

n (-l) k 

k=0 

(5.70) = E bk log (e^ - e l°*l)) 

= y t^L bk bg ( -^L- ( e -K+n - e i-»+n) ^ . 

£S 2 g vK + i| l V 

Obviously, we can replace \ay. + 1| by (a^ + 1) in the expression above, and find after 
straightforward cancellations 

»'(M = E log (^^y (,-«"•«) - ,«•>+«)) 



fe=0 v 7 

The statement follows by combination of (5.68) and (5.71). □ 
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Summing up the expressions in Corollary 5.14 and Proposition 5.15, we arrive at the 
following result. 

Theorem 5.16. Let (C(N) = (0, l]xN,g = dx 2 ®x 2 g N ) be an odd- dimensional bounded 
cone over a closed oriented Riemannian manifold (N n , g N ). Denote by (C e (N) = [e, 1] x 
N,g) its truncation. Let (E, V,h E ) be a flat complex Hermitian vector bundle over 
(C(N),g) and (£jv, V n, h^) its restriction to the cross-section N . Denote by x(N, En) 
the Euler characteristic and by b k := dimH k (N, En) the Betti numbers of (N,En)- 
Denote by Ak t(X i,N the Laplacian on coclosed k— differential forms Q k cl (N, En) and put 

(n — 1) / 

a k := — k, v{rj) = \J i] + a 2 k , for r] e E k = SpecA fc(Cci( jv\{0}, 

CkM 8 ) = m ^ Z/ ( ? 7)~ S ' Ck,N(s, ±a k ) := ^ m (v) ( u (v) ± ®k)~ s ', Re(s) > 0, 
neE k r t eE k 

where m(i]) denotes the multiplicity ofrj G E k . Then the difference of the scalar analytic 
torsions for (C(N),g) and (C e (N),g) is given by the following explicit expression 

n ( — l) k /I _ f n-2k+l\ 

\ogT(C e (N), E, g) - log T(C(N), E,g) = J2 h log ( _ 2 

n/2-1 n/2-k-l n/2-1 , , k 

+ log(2/ + l)+ ^-b k \og{n-2k+l) 

k=0 1=0 k=0 

n/2 ~ l (_i)fe n/2 2r T'(b + r) 

k=0 r=l b=0 \ ' ) 



n ' 2 ~ l (-l) k 



fc=0 

Comparison of Theorem 5.16 and Theorem 2.6 yields the following 

Corollary 5.17. Let (C e (N) = [e, 1] x N,g,g ),e > 0, be an odd- dimensional cylinder 
over a closed Riemannian manifold (N,g N ), with a pair of Riemannian metrics g = 
dx 2 © x 2 g N and go = dx 2 © g . The Riemannian manifold (C e (N),g) is a truncated 
cone, while (C e (N), g Q ) is an exact cylinder. Fix aflat complex Hermitian vector bundle 
(E, V, h E ) . Then 

logT(tf 6 (JV), E,g) = Y, h bg n-2k + l + ^T x{N > En) 

k=0 ^ ' 

n/2 -\-iY n ' 2 2r r'(b + r) 

+ 22 £f Cfc,iv(s) 22 - Z 2r>b (a k )) — — - , 

k=0 r=l 6=0 \ ' J 
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and the analytic torsion norms of (C 6 (N),g) and (C t (N), g ) are related as follows 

\RS \ n/2-l , i . k n/2 



(5.73) 



r'(6 + r) 



2r 

X 

fe=0 

Proof. The first relation (5.72) follows by a direct comparison of Theorem 5.16 and 
Theorem 2.6. For the second relation note, that by definition of analytic torsion norms 
we have by (5.72) 

\RS \ n , s k , ri-2k+l- 



\lr H(C e (iV),£; g o)/ fc=0 2 V ri -^ fc + 1 / ^ 

nl2 - x n/2 2r r'(fo + r 

+ X X (^(-"fc) - ^r.&K)) ^77 ■ 



2 s=2r ^— ' r(6 + r) 

fc=0 r=l b=0 v y 



+ log 



|detJ?*(C e (JV),£), S 



• ||detJ?*(C e (JV),B), 90 . 

The quotient between the norms on det H*(C e (N), E), induced by the L 2 (g,h E ) and 
L 2 (g , h ) norms on harmonic forms, amounts by a straightforward computation to 

Hence overall we arrive at the following 

\ II ll(C e (A/"),S;go)/ fc=o r=l fe=0 ^ ' 

□ 

6. Metric Anomaly at the Regular Boundary of the Cone 

Consider a truncated cone C t (N) = [e, 1] x N, g — dx 2 © x 2 g N over a closed oriented 
Riemannian manifold (N n ,g N ). The Levi-Civita connection J \7 TC ^ N \ induced by g, 
defines secondary classes B € (V TCeW ) and .B 1 (V rc ' <! ^) at the left {i = f}xiV and the 
right {i = l}xJV boundary components of C e (N), respectively. 

Introducing new coordinates y = log(l/a;) near the right boundary component {x = 
1} x N of C e (N), and z = log(x/e) near the left boundary component {x = e} x N, we 
can write for 5 > small the Riemannian metric g as follows 

9 = e- 2y (dy 2 + g N ), ye [0, 5), near {x = 1} x N of C e (JV), 

g = e 2 e 2z (dz 2 +g N ), z 6 [0, 5), near {a; = e} x iV of C e (JV). 

By Proposition 4.1 and in view of (4.4) and the explicit formulae in (4.2), we deduce 

(6.2) B e (V TC <W) = B 1 (V TC ^) =: B 1 (g N ), 
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independent of e > 0. Note, that the metric anomalies at x = e and x — 1 are defined 
with respect to different inward unit normal vectors at the boundary, which amounts 
to an additional sign only in case of an odd-dimensional cross section. In our setup 
of even-dimensional cross-section, both anomalies coincide. Since the corresponding 
secondary classes induced by the product metric on C e (N) are zero, we arrive by (2.16) 
at the following proposition. 

Proposition 6.1. Let (C e (N) = [e, 1] x N,g,go),e > 0, be an odd- dimensional cylinder 
over a closed Riemannian manifold (N,g N ), with a pair of Riemannian metrics g = 
dx 2 © x 2 g N and go = dx 2 © g N . The Riemannian manifold (C e (N),g) is a truncated 
cone, while (C e (N), go) is an exact cylinder. Fix aflat complex Hermitian vector bundle 
(E, V,/i E ). Then the analytic torsion norms are related as follows 

(6.3) log ( ll§ mE A = -rank(E) / Bl (g N ). 

\W ' W(C e (N),E;g ) J JN 

Comparing Corollary 5.17 and Proposition 6.1, we arrive at the following result. 

Corollary 6.2. Let (C(N) = (0,1) x N,g = dx 2 © x 2 g N ) be an odd- dimensional 
bounded cone over a closed oriented Riemannian manifold (N n ,g N ). Let (E,V,h E ) be 
a flat complex Hermitian vector bundle and (En, Vjv, hjf) its restriction to the cross- 
section N over C (N) . Then, in the notation of Section 5, the integral of the secondary 
class B\(g ) may be expressed as follows 



T(b + r) 



rank(£) / B x (g N ) = ^ Res ( k ,N(s) V] (^(-a*) - z 2r , h {a k )) 

l AT ^ S — ^ 

J N k=0 r=l b=0 

Remark 6.3. The quotient of analytic torsion norms in (5.73) is independent of e > 
0, which also implies scaling invariance of the secondary class i? 1 (V TC ' e '- Ar - ) ) and the 
statement of Proposition 6.1 follows, independently of the general result in Proposition 
4.1. 

Example 6.4. The following example might be illuminating for the identity in Corol- 
lary 6.2. Consider the special case of N = T 2 being the two-dimensional flat torus, 
and E a trivial line bundle. Then one can verify Corollary 6.2 by direct computations. 
Indeed, from [BGKE96, (3.6), (3.7)] we infer * 

(6.4) M 2(( ,a) = ± ^(„X*» = (-1 + f - ? + (| - |) t> - If. 

6=0 v / \ / 

Consequently, with n = 2 and a = 1/2, we find 

r'(i) ir'(i) 7 



r(i) 2 r(i) 2 



(6.5) (^ l( _ 1/ 2)-, 2 , 1 (l/2))^| = i^ = i(l- 7 ), 

(^(-1/2) - ^(1/2)) -^ = 0. 
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Moreover, the heat trace expansion for the flat two-dimensional torus implies 
ResCoJv(s) =2-ResC(s,A jv) = 2 • (4vr)- 1 Vol(T 2 ). 

s=2 ' s=l 

In total we find for the right hand side of the equality in Corollary 6.2 

71/2-1 n/2 2r T'(b + r) 
o E £f E (^r,6(-a fe ) - ^K)) pTT— T 

(6.6) fc=0 r=l b=0 

= -±Vol ( n. 

On the other hand, the expression for the integral of Bi(g N ) follows from [BrMa06, 
(4.43)], which in our special case reduces to 

( 6 .7, | NBl(9 » )= _±Q) 2 voi(n=-±voi(n. 

Both, (6.6) and (6.7) agree, as asserted by Corollary 6.2. 

Corollary 6.2 together with Theorem 2.6 leads to the main result of this section, 
announced in Theorem 2.8. 

Theorem 6.5. Let (C(N) = (0, 1) xN, g — dx 2 @x 2 g N ) be an odd- dimensional bounded 
cone over a closed oriented Riemannian manifold (N n ,g N ). Let (E,V,h E ) be a flat 
complex Hermitian vector bundle and (En,V n, hw) its restriction to the cross-section 
N over C(N). Let bk = dimH k (N, Em) be the Betti numbers and x(N,En) the Euler 
characteristic of (N,E N ). Denote by A ktCC ^ N the Laplacian on coclosed k— differential 
forms fl^ cl (N, E N ). Put a k = {n — l)/2 — k and define 



u (v) = y V + a h for rj <E E k = SpecA fcjCdjJV \{0}, 
( k ,N(s, ±a k ) := Y m (v) (K 7 ?) ± "fc)~ s , Re ( s ) > °> 

where m(rj) denotes the multiplicity of 7] e E k . Then the logarithm of the scalar analytic 
torsion of (C(N),g), is given by 

n/2 - X (_-\\k+l fn/2-k-l 

\ogT(C(N),E,g)= M E log(2/ + l) 2 + log(n-2A; + i; 

fc=o " y i=o 

n/2-1 



1 (—l) k 

X (N,E N )-~mnk(E) [ B^). 
1 Jn 



k=0 

log 2 



Theorem 6.5 identifies the residual term in the formula for analytic torsion of a 
bounded cone in Theorem 2.6 in terms of the metric anomaly of analytic torsion at 
the regular boundary of the cone. This identifies the actual contribution of the coni- 
cal singularity to the analytic torsion, clearing up the formula in Theorem 2.6 of the 
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contributions from the regular boundary. We can rewrite Theorem 6.5 in terms of the 
analytic torsion norm. 

Corollary 6.6. Let C(N) = (0, 1] X N, g — dx 2 @x 2 g N be an odd- dimensional bounded 
cone over a closed oriented Riemannian manifold (N n , g ). Consider (C(N),g ), where 
g pr coincides with g near the singularity at x = and is product dx 2 © g N near the 
boundary {x = 1} x N. Let (E,V,h E ) be a flat complex Hermitian vector bundle 
and (E N , Vjv, h N ) its restriction to the cross-section N over C(N). Then the quo- 
tient of analytic torsion norm for (C(N),g pr ) and the L 2 (g, h E ) — induced norm on 
det H k (C(N),E) is given by 

/ II \\RS \ n/2-1 fn/2-k-l 

log ( II II JV) ' g;9pr) = E(-l) fc+1 | £ log(2/ + l) 2 + log(n-2fc + l) 

VII • Wdet HHC(N),E),9 J k=0 2 \ l=Q 

+ 1 ^ x (n,e n )+ ^(cu(°' a *)-cu(°. -«*))• 

fc=0 

Proof. The metric variation for analytic torsion is local by the gluing formula in [LesIO] 
and hence the metric anomaly formula of Bruning-Ma in[BRMA06] holds also in case 
of manifolds with isolated conical singularities away from the variation region, so that 
(2.16) applies to (C(N), g, g pr ). 

\RS \ /|| \\RS 

\(C(N),E;g pr ) \ , / II ' II (C(N),E;g pl ) 



log „ ,, "w-**> =log ' | "^»—> +hgT(C(N),E;g) 

\\\ ■ Wdct H*(C(N),E),g J \ || ■ \\(C(N),E;g) J 

= \ogT(C(N),E;g) + ]-r a nk(E) [ B 1 (g N ). 
The claim follows by Theorem 6.5. □ 

7. ASYMPTOTICS OF THE NEW TORSION-LlKE SPECTRAL INVARIANT 

Analytic torsion defines a topological invariant of an odd-dimensional closed oriented 
Riemannian manifold with a flat Hermitian vector bundle. In even dimensions, analytic 
torsion is trivial as a consequence of Poincare duality. Theorem 6.5 identifies the contri- 
bution of a conical singularity to analytic torsion in terms of a new torsion-like spectral 
invariant of the even-dimensional cross-section, which is non-trivial despite Poincare 
duality and deserves an independent definition. 

Definition 7.1. Let (N n ,g N ) be an even- dimensional closed oriented Riemannian 
manifold and (En,W n, h) a flat flat complex Hermitian vector bundle. Denote by 
^k,cd,N the corresponding Laplacian on coclosed k— differential forms Q^ cl (N, E N ). Put 
ctk — { n — l)/2 — k and define 



v(v) = \/V + a 2 k , for r] G E k = SpecA fciCdiJV \{0}, 

Cfc,ivO, ±a k ) := ^ m (v) ( z/ (^) ± «fc)~ s , Re(s) > 0, 
■n&E k 
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where 111(77) denotes the multiplicity of rj e E}~. Then the "torsion-like" invariant 
Tors(iV, Em; g N ) is defined as 



n/2-l n -i 
Tors(iV,^;^) := 2 E H)* (CU(°» «*) " CU(°> "«*)) = 2 E^ 1 )*^, a*)- 

fc=0 fc=0 

We study the asymptotic behavior of Tors(iV, E^; g N ) under scaling of g N , employing 
the perturbation analysis by Gambia-Mushiest-Solo min in [G SMS 83]. Let A be an 
elliptic non-negative self-adjoint differential operator of second order over a closed Rie- 
mannian manifold (N, g N ) acting on sections of a Hermitian vector bundle E. Consider 
the square root A a := \J A + a 2 , which is a self-adjoint pseudo-differential operator 
of first order. Following the arguments of [GSMS83, Corollary 1] we arrive at the 
following result. 

Theorem 7.2. The zeta-function of (A a + a) is analytic for Re(s) > — (dimiV + 2) 
with the following expansion ( K = dim N + 2 ) 

K-l 

((s, A a + a) = CO, A a ) + E ak ^k(s, a) + a K & K (s, a), 

k=l 

where Mk(s, a) is holomorphic and &k, 9 s ^k ore locally uniformly bounded in a, and 

Ms, a) = ^pCO + K A a ) Y[(s + j). 

3=0 

We now can prove the main result of this subsection. 
Corollary 7.3. The zeta-functions of (A a ± a) are regular at s = and 



d 
ds 



C{s,A a + a) - — 
ds 



((s, A a — a) = 0(a), a — > 0. 



Proof. Theorem 7.2 implies for K = dim N + 2 



K-l 

C(s, A a + a) - C(s, A a - a) = E ^ a k ^k(s, a) + a K (M K (s, a) - M K (s, -a))) . 

fc=0,odd 



The term (Mk{s, a) — Mk{s, — a))), and also its ^-differential, are both regular at 
s = and locally uniformly bounded in a G R. Hence it remains to analyze the terms 
<^fc(s, a)- Repeating the arguments of Theorem 7.2 now for (A + a 2 ) as a perturbation 
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> + k) 2 
— - — , A + a 



u fc-l 



3 



(7.1) 



x 



(zl) 

k\ 
_1) P 



n P- 1 



\{{s+3) 

j=0 



3=0 

(s + k) 



A 



F-l 



> + *;) 



n 

3=0 



(s + A;) 



+ J + 



<(s + n)/2,a) 



Again, the term 3%p and also its <9 S — differential, are both regular at s = and locally 
uniformly bounded in a € R. The zeta-functions (((s + k)/2 +j,A) are meromorphic 
possibly with simple poles at s = 0, canceled by the additional s-factor in (7.1), so that 
£?k{s,<y) is regular at s = and its derivative at s = is locally uniformly bounded in 
aGl The statement now follows. □ 

We close the section by deriving the scaling behavior of the torsion-like invariant 
(Theorem 2.12), combining of Theorem 7.2 and Corollary 7.3. 

Theorem 7.4. Let (N n ,g N ) be a closed oriented Riemannian manifold of even dimen- 
sion and (En, Vjv, h) a flat complex Hermitian vector bundle. Let g N (fi) '■— fi~ 2 g N , \i G 
M + and denote by Afc cc ^jv(/^) the corresponding Laplacian on coclosed k— differential 
forms Q^ cl (N, En). Put a k = (n — l)/2 — k and define 



1/(77) 



77 + al, for r] G E k = SpecA fcjCd>A r\{0}, 



(k,N(s, ±a k ) := 22 m ( ? 7) (K 7 ?) ± a k) s , Re{s) > 0, 

■n&E k 

where 111(77) denotes the multiplicity of 77 G E k . Then the associated family of "torsion- 
like" invariants Tors(iV, En] 9 N (^)) admits the following asymptotic behavior as ji — >■ 00 

Tors(iV, E N ; g N ((i)) = - £ (-1)* (CU(°> a k , p) - C' k>N (0, -a h , //)) = O I ^ J . 

fc=o V / 

Proof. Write A for the coclosed Laplacian on Q^ cl (N, E N ) associated to g N . Put a(/x) := 
ot k \i~ x and consider v4 a ( M ) in the notation as fixed before. By definition, /S. kjCC i jN {n) = 
fi 2 A, and consequently, SpecA^^^) = /i 2 SpecA Hence 

( kiN (s, ±a k , n) = H~ s ((s, A a{ll) ± a(//)). 

Taking derivatives at s = we obtain 



d_ 

ds 



Ck,N(0, ±«fc, /i) = - log /i • C(0, ± a(fj)) + (' (0, ± a(fj)) . 



s=0 
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Theorem 7.2 and Corollary 7.3 assert that as \i — > oo 
C(0,A a{fl) + a(fi))-C(0,A aM 



C(0, A a(jl) + a(ii)) - C(0, A a{fl) 
This proves the statement. □ 
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